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Turbulence: the mystery unsolved

Figure : Turbulence in the tip vortex from an airplane wing (Credit: NASA Langley Research Center)
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Critical behaviour and turbulence
Why so critical? (x)
Critical behaviour - the behaviour of physical
qualities near their critical points. Its features
are:

scaling (self-similarity)
universality classes (critical exponents)
sensitivity to external disturbances

Turbulence can change the type of the phase
transition or give rise to new universality classes -
so we study it!

Example: Growth processes (x)
The growth processes take place in various
physical systems (solidification, flame fronts,
smoke, etc).

An important example is a growth of the phase
boundary (interface) during deposition of a
substance on a substrate.

Figure : Turbulence development in the fluid.
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The Method

The Algorithm (x)

Start→ Stochastic problem→
→ Field theoretic formulation→
→ Renormalization→
→ Feyanman diagrams calculation→
→ Renormalization equations→
→ Critical exponents→ Finish

Parameters (x)

the model of the critical behaviour and
its parameters
the conditions (e.g. anisotrophy)
the type of the disturbance and its
model

Example: Growth process (x)

stochastic problem: random growth of
the interface
model of the behaviour: The
Kardar–Parisi–Zhang (coarse-grained)
model of growth
disturbance: the turbulent motion of
the fluid, containing dissolved particles
additional parameter: compressibility
of the fluid
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Example: Growth process - the models

Description of the models (x)

The KPZ model of growth:

∂th = κ0 ∂
2h + λ0(∂h)2/2 + f. (1)

The model of the turbulent mixing: “passive” advection
and the Kazantzev–Kraichnan ensemble:
simple Gaussian statistics with zero mean
prescribed pair covariance
vanishing correlation time

〈vi(t,x)vj(t
′,x′)〉 = δ(t− t′)Dij(x− x′),

Dij(r) = B0

∫
k>m

dk

(2π)d
1

kd+ξ
{Pij(k) + αQij(k)} exp(ik · r), (2)

Notations (x)

h(x) = h(t,x) is the height field
κ0 > 0

λ0 = 1 is set in the following
f = f (x) is the Gaussian random noise
with zero mean and given pair
covariance (D0 > 0):

〈f (x)f (x′)〉 = 2D0δ(t− t′)δ(d)(x− x′).

Pij(k) = δij − kikj/k2

Qij(k) = kikj/k
2

k ≡ |k| is the wave number
B0 > 0 is an amplitude factor
α > 0 is an arbitrary parameter
The case α = 0 corresponds to the
incompressible fluid.
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Example: Growth process - the field theoretic
formulation

Action functional (x)
The stochastic problem is equivalent to the field theoretic model with the
action functional

S({h, h′,v}) =
1

2
h′D0h

′ + h′
{
−∇th + κ0∂

2h +
1

2
(∂h)2 + f

}
+ Sv, (3)

Sv = −1

2

∫
dt

∫
dx

∫
dx′vi(t,x)D−1ij (x− x′)vj(t,x

′). (4)

Diagrammatic technique (x)

Interaction vertices: h′(∂h)2/2 and −h′(v∂)h.
Propagators:
〈hh〉0 (straight line)
〈hh′〉0 (straight line with a small stroke)
the velocity propagator (wavy line)

Coupling constants: g0 = D0/κ3
0 and w0 = B0/κ0.

6 / 10



Example: Growth process - renormalization and
calculation

Renormalization (x)
The analysis of the canonical dimensions⇒ our model is multiplicatively
renormalizable

SR(Φ) =
1

2
Z1h

′Dh′ + h′
{
−∂th + κZ2∂

2h +
1

2
Z3(∂h)2 + f

}
+ Sv, (5)

Calculation of the renormalization constants Z1-Z3 (x)

〈h′
h〉1−ir = iω − κp2Z2 + + ,

〈h′
h

′〉1−ir = DZ1 +
1

2
+ ,

〈h′hh〉1−ir = + + + + + + .

The result (x)
the calculation is done to the first order of the double expansion in ξ and ε = 2− d (one-loop approx.)
Z1-Z3⇒ anomalous dimensions⇒ fixed points
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Example: Growth process - fixed points and scaling
regimes

Fixed point and IR behaviour (x)

Fixed points are found from renormalization equations.
A fixed point corresponds to an IR scaling regime (i.e. asymptotic behaviour).

Fixed points of our model (x)

Gaussian fixed point - ordinary diffusion (dark space)
The pure KPZ fixed point - ordinary growth process (horizontal
shading)
Tthe pure Kraichnan fixed point - passively advected scalar field
(vertical shading)
The fixed point of a new nontrivial IR scaling regime (grey
space).

New regime (x)

In the regime the nonlinearity of the model and the turbulent
mixing are simultaneously important.

ĝ∗ = 8

{
−ε+ ξ − dα ξ

(d− 1 + α)

}
is the coordinate of the new point.

Figure : Regiones of scaling regimes.
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Example: Growth process - finale and Conclusion
Conclusion of the example (x)

For the incompressible fluid the most realistic
values of ξ = 4/3 and d = 1 or 2 correspond to the
universality class of passive scalar field.

However, as the degree of compressibility α
increases, the stability region of the new point is
getting wider and finally absorbs the realistic
values of ε and ξ.

For the new universality class the coordinates of
the fixed point lie in the unphysical region g∗ < 0.

The critical exponents can be calculated for every
regime and compared with experimental values.

Figure : The boundary between the regions moves
counterclockwise with the growth of the compressibility α
until it reaches the ray ε = −ξ (for d = 2).

The main idea (x)

Renormalization group analysis coupled with the employment of various models of
critical behaviour allows us to study the influence of turbulence on the various critical
behaviour in nature.
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Thank you for your attention!
For more detailes as well as vast bibliography see: arXiv:1504.03813
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