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Compact Binaries
• Mergers of BH and NS binaries 

strong GW emitters 

• Signal carries information about 
the physics of coalescence 

• binary parameters (masses, 
spins, position, orientation) 

• Properties of final object 

• Strong-field dynamics during 
merger 

• Comparison to theoretical 
waveforms required to extract 
information

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).

PRL 116, 061102 (2016) P HY S I CA L R EV I EW LE T T ER S week ending
12 FEBRUARY 2016

061102-3

 4

LIGO-Virgo Collaboration, PRL 116 (6) 2016



 5



Walter Del Pozzo GWPAW 2017, Annecy, France

GW templates in GR

• Analytical, parametric description of 
GW solution in GR 

• Suitable for detection and parameter 
estimation analyses
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What is there to measure?
• Intrinsic Parameters 

• masses: m1,m2 

• spins: s1, s2 

• Extrinsic Parameters 

• Inclination ɩ 

• Polarisation ѱ 

• Sky position 𝛼,𝜹 

• luminosity distance r 

• time t 

• Initial phase φ0

m1

m2

L

S1

S2
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What is there to measure?
•Subtler effects

•NS Equation of state

•tidal deformation

•Deviations from GR

•eccentricity
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Compact Binary Prospects
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Where are we now?
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Masses

• O1: 3 BBHs 

• O2: 7 BBHs, 1 BNS 

• O3: ~1 BBH / week so far!
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FIG. 4. Parameter estimation summary plots I. Posterior probability densities of the masses, spins, and SNR of the GW events. For the
two-dimensional distributions, the contours show 90% credible regions. Left panel: Source frame component masses m1 and m2. We use the
convention that m1 � m2, which produces the sharp cut in the two-dimensional distribution. Lines of constant mass ratio q = m2/m1 are shown
for 1/q = 2, 4, 8. For low-mass events, the contours follow lines of constant chirp mass. Right panel: The mass Mf and dimensionless spin
magnitude af of the final black holes. The colored event labels are ordered by source frame chirp mass. The same color code and ordering
(where appropriate) apply to Figs. 5 to 8.

where M = m1 + m2 is the total mass of the binary, and m1 is
defined to be the mass of the larger component of the binary,
such that m1 � m2. Di↵erent parameterizations of spin e↵ects
are possible and can be motivated from their appearance in
the GW phase or dynamics [121–123]. �e↵ is approximately
conserved throughout the inspiral [120]. To assess whether a
binary is precessing we use a single e↵ective precession spin
parameter �p [124] (see Appendix C).

During the inspiral the phase evolution depends at leading
order on the chirp mass [34, 125, 126],

M =
(m1m2)3/5

M1/5 , (5)

which is also the best measured parameter for low mass sys-
tems dominated by the inspiral [100, 121, 127, 128]. The mass
ratio

q =
m2

m1
 1 (6)

and e↵ective aligned spin �e↵ appear in the phasing at higher
orders [100, 120, 122].

For precessing binaries the orbital angular momentum vec-
tor ~L is not a stable direction, and it is preferable to describe
the source inclination by the angle ✓JN between the total an-
gular momentum ~J (which typically is approximately constant
throughout the inspiral) and the line of sight vector ~N instead
of the orbital inclination angle ◆ between ~L and ~N [118, 129].
We quote frequency-dependent quantities such as spin vec-
tors and derived quantities as �p at a GW reference frequency
fref = 20Hz.

Binary neutron stars have additional degrees of freedom re-
lated to their response to a tidal field. The dominant quadrupo-
lar (` = 2) tidal deformation is described by the dimensionless
tidal deformability ⇤ = (2/3)k2

h
(c2/G)(R/m)

i5
of each neu-

tron star (NS), where k2 is the dimensionless ` = 2 Love num-
ber and R is the NS radius. The tidal deformabilities depend
on the NS mass m and the equation of state (EOS). The domi-
nant tidal contribution to the GW phase evolution is encapsu-
lated in an e↵ective tidal deformability parameter [130, 131]

⇤̃ =
16
13

(m1 + 12m2)m4
1⇤1 + (m2 + 12m1)m4

2⇤2

M5 . (7)

B. Masses

In the left panel of Fig. 4 we show the inferred component
masses of the binaries in the source frame as contours in the
m1-m2 plane. Because of the mass prior, we consider only sys-
tems with m1 � m2 and exclude the shaded region. The com-
ponent masses of the detected BH binaries cover a wide range
from ⇠ 5M� to ⇠ 70M� and lie within the range expected for
stellar-mass BHs [132–134]. The posterior distribution of the
heavier component in the heaviest BBH, GW170729, grazes
the lower boundary of the possible mass gap expected from
pulsational pair instability and pair instability supernovae at
⇠ 60 � 120M� [135–137]. The lowest-mass BBH systems,
GW151226 and GW170608, have 90% credible lower bounds
on m2 of 5.6 M� and 5.9 M�, respectively, and therefore lie
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stellar-mass BHs [132–134]. The posterior distribution of the
heavier component in the heaviest BBH, GW170729, grazes
the lower boundary of the possible mass gap expected from
pulsational pair instability and pair instability supernovae at
⇠ 60 � 120M� [135–137]. The lowest-mass BBH systems,
GW151226 and GW170608, have 90% credible lower bounds
on m2 of 5.6 M� and 5.9 M�, respectively, and therefore lie

LVC, arXiv:1811.12907
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Mass Parameters Spin Parameters

Model ↵ mmax mmin �q �m µm �m �m E[a] Var[a] ⇣ �i

A [-4, 12] [30, 100] 5 0 0 N/A N/A N/A [0, 1] [0, 0.25] 1 [0, 10]

B [-4, 12] [30, 100] [5, 10] [-4, 12] 0 N/A N/A N/A [0, 1] [0, 0.25] 1 [0, 10]

C [-4, 12] [30, 100] [5, 10] [-4, 12] [0, 1] [20, 50] (0, 10] [0, 10] [0, 1] [0, 0.25] [0, 1] [0, 4]

Table 2. Summary of models used in Sections 3, 4, and 5, with the prior ranges for the population parameters. The fixed
parameters are in bold. Each of these distributions is uniform over the stated range. All models in this Section assume rates
which are uniform in the comoving volume (� = 0). The lower limit on mmin is chosen to be consistent with Abbott et al.
(2018).

Figure 1. Inferred di↵erential merger rate as a function of primary mass, m1, and mass ratio, q, for three di↵erent assumptions.
For each of the three increasingly complex assumptions A, B, C described in the text we show the PPD (dashed) and median
(solid), plus 50% and 90% symmetric credible intervals (shaded regions), for the di↵erential rate. The results shown marginalize
over the spin distribution model. The fallo↵ at small masses in models B and C is driven by our choice of the prior limits on
the mmin parameter (see Table 2). All three models give consistent mass distributions within their 90% credible intervals over
a broad range of masses, consistent with their near-unity evidence ratios (Table 3); in particular, the peaks and trough seen in
Model C, while suggestive, are not identified at high credibility in the mass distribution.

constraints on the presence or absence of a mass gap at
low black hole mass.
Models B and C also allow the distribution of mass ra-

tios to vary according to �q. In these cases the inferred
mass-ratio distribution favors comparable-mass binaries
(i.e., distributions with most support near q ' 1), see
panel two of Figure 1. Within the context of our pa-
rameterization, we find �q = 6.7+4.8

�5.9 for Model B and
�q = 5.8+5.5

�5.8 for Model C. These values are consistent
with each other and are bounded above zero at 95% con-

fidence, thus implying that the mass ratio distribution
is nearly flat or declining with more extreme mass ra-
tios. The posterior on �q returns the prior for �q & 4.
Thus, we cannot say much about the relative likelihood
of asymmetric binaries, beyond their overall rarity.
The distribution of the parameter controlling the frac-

tion of the power law versus the Gaussian component in
Model C is �m = 0.4+0.3

�0.3, which peaks away from zero,
implying that this model prefers a contribution to the
mass distribution from the Gaussian population in ad-
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constraints on the presence or absence of a mass gap at
low black hole mass.
Models B and C also allow the distribution of mass ra-

tios to vary according to �q. In these cases the inferred
mass-ratio distribution favors comparable-mass binaries
(i.e., distributions with most support near q ' 1), see
panel two of Figure 1. Within the context of our pa-
rameterization, we find �q = 6.7+4.8

�5.9 for Model B and
�q = 5.8+5.5

�5.8 for Model C. These values are consistent
with each other and are bounded above zero at 95% con-

fidence, thus implying that the mass ratio distribution
is nearly flat or declining with more extreme mass ra-
tios. The posterior on �q returns the prior for �q & 4.
Thus, we cannot say much about the relative likelihood
of asymmetric binaries, beyond their overall rarity.
The distribution of the parameter controlling the frac-

tion of the power law versus the Gaussian component in
Model C is �m = 0.4+0.3

�0.3, which peaks away from zero,
implying that this model prefers a contribution to the
mass distribution from the Gaussian population in ad-
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Spins I - Orbital alignment
• Co-evolved BH 

binaries are 
expected to have 
aligned spins 

• We see effective 
spins mostly ~0: are 
BBHs non-spinning 
or just not aligned? 

• c.f. BHs in X-ray 
binaries which 
seem to be highly 
spinning!
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FIG. 5. Parameter estimation summary plots II. Posterior probability densities of the mass ratio and spin parameters of the GW events.
The shaded probability distributions have equal maximum widths, and horizontal lines indicate the medians and 90% credible intervals of the
distributions. For the two-dimensional distributions, the contours show 90% credible regions. Events are ordered by source frame chirp mass.
The colors correspond to the colors used in summary plots. For GW170817 we show results for the high-spin prior ai < 0.89. Top left panel:
The mass ratio q = m2/m1. Top right panel: The e↵ective aligned spin magnitude �e↵ . Bottom left panel: Contours of 90% credible regions for
the e↵ective aligned spin and mass ratio of the binary components for low (high) mass binaries are shown in the upper (lower) panel. Bottom
right panel: The e↵ective precession spin posterior (colored) and its e↵ective prior distribution (white) for BBH (BNS) events. The priors
have been conditioned on the �e↵ posterior distributions.

above the proposed BH mass gap region [138–141] of 2�5M�.
The component masses of the BBHs show a strong degener-
acy with each other. Lower mass systems are dominated by
the inspiral of the binary, and the component mass contours
trace out a line of constant chirp mass Eq. (5) which is the
best measured parameter in the inspiral [34, 121, 127]. Since
higher-mass systems merge at a lower GW frequency, their
GW signal is dominated by the merger of the binary. For high
mass binaries the total mass can be measured with accuracy
comparable to that of the chirp mass [142–145].

We show posteriors for the ratio of the component
masses Eq. (6) in the top left panel of Fig. 5. This parameter

is much harder to constrain than the chirp mass. The width
of the posteriors depends mostly on SNR and so the mass
ratio is best measured for the loudest events, GW170817,
GW150914 and GW170814. Even though GW170817 has
the highest SNR of all events, its mass ratio is less well con-
strained, because the signal power comes predominantly from
the inspiral, while the merger contributes little compared to
BBH [146]. GW151226 and GW151012 have posterior sup-
port for more unequal mass ratios than the other events, with
lower bounds of 0.28 and 0.30 at 90% credible level.

The final mass, radiated energy, final spin, and peak lu-
minosity of the BH remnant from a BBH coalescence are

LVC, arXiv:1811.12907
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Spins II - In-plane component

• In-plane spins are 
fingerprint of 
dynamical capture 
formation 

• Better sensitivity 
required to 
measure in-plane 
spins for objects 
like these we are 
seeing
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FIG. 5. Parameter estimation summary plots II. Posterior probability densities of the mass ratio and spin parameters of the GW events.
The shaded probability distributions have equal maximum widths, and horizontal lines indicate the medians and 90% credible intervals of the
distributions. For the two-dimensional distributions, the contours show 90% credible regions. Events are ordered by source frame chirp mass.
The colors correspond to the colors used in summary plots. For GW170817 we show results for the high-spin prior ai < 0.89. Top left panel:
The mass ratio q = m2/m1. Top right panel: The e↵ective aligned spin magnitude �e↵ . Bottom left panel: Contours of 90% credible regions for
the e↵ective aligned spin and mass ratio of the binary components for low (high) mass binaries are shown in the upper (lower) panel. Bottom
right panel: The e↵ective precession spin posterior (colored) and its e↵ective prior distribution (white) for BBH (BNS) events. The priors
have been conditioned on the �e↵ posterior distributions.

above the proposed BH mass gap region [138–141] of 2�5M�.
The component masses of the BBHs show a strong degener-
acy with each other. Lower mass systems are dominated by
the inspiral of the binary, and the component mass contours
trace out a line of constant chirp mass Eq. (5) which is the
best measured parameter in the inspiral [34, 121, 127]. Since
higher-mass systems merge at a lower GW frequency, their
GW signal is dominated by the merger of the binary. For high
mass binaries the total mass can be measured with accuracy
comparable to that of the chirp mass [142–145].

We show posteriors for the ratio of the component
masses Eq. (6) in the top left panel of Fig. 5. This parameter

is much harder to constrain than the chirp mass. The width
of the posteriors depends mostly on SNR and so the mass
ratio is best measured for the loudest events, GW170817,
GW150914 and GW170814. Even though GW170817 has
the highest SNR of all events, its mass ratio is less well con-
strained, because the signal power comes predominantly from
the inspiral, while the merger contributes little compared to
BBH [146]. GW151226 and GW151012 have posterior sup-
port for more unequal mass ratios than the other events, with
lower bounds of 0.28 and 0.30 at 90% credible level.

The final mass, radiated energy, final spin, and peak lu-
minosity of the BH remnant from a BBH coalescence are

LVC, arXiv:1811.12907
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Spins III
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FIG. 6. Parameter estimation summary plots III. Posterior probability distributions for the dimensionless component spins c~S 1/(Gm2
1) and

c~S 2/(Gm2
2) relative to the normal to the orbital plane ~L, marginalized over the azimuthal angles. The bins are constructed linearly in spin

magnitude and the cosine of the tilt angles, and are assigned equal prior probability. Events are ordered by source frame chirp mass. The colors
correspond to the colors used in summary plots. For GW170817 we show results for the high-spin prior ai < 0.89.
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Gravitational regimes
• Field strength 

• Curvature 

• Compact binaries probe 
in high curvature, high 
potential regime

Walter Del Pozzo APS April Meeting 2017, Washington, DC

Gravitational strong-field

• Field strength 

• Curvature (Kretschmann scalar)

4
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✏ =
GM
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• Gravitational waves from binary 
black holes are the optimal probes
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• Gravitational waves from binary 
black holes are the optimal probes
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Fig. 2.— The experimental version of the gravitational parameter space (axes the same as in Fig. 1). Curves are described in detail in
the text (§4). Some of the abbreviations in the figure are: PPN = Parameterized Post-Newtonian region, Inv. Sq. = laboratory tests of the
1/r2 behaviour of the gravitational force law, Atom = atom interferometry experiments to probe screening mechanisms, EHT = the Event
Horizon Telescope, ELT = the Extremely Large Telescope, DETF4 = a hypothetical ‘stage 4’ experiment according to the classification
scheme of the Dark Energy Task Force (Albrecht et al. 2006), Facility = a futuristic large radio telescope such as the Square Kilometre
Array.

4.1. Cosmology

Galaxy Surveys. In the lower section of the figure we
indicate the regions probed by two future galaxy clus-
tering surveys. In green we consider a next-generation
‘stage 4’ space-based survey of the kind envisaged by the
Dark Energy Task Force (Albrecht et al. 2006), labelled
DETF4. In blue, we consider a futuristic ‘Facility stage’
ground-based radio interferometer of the kind considered
by Bull et al. (2014), capable of mapping nearly the full
sky out to very high redshifts.
Each survey is delineated by two lines, whose separa-

tion is set by the survey redshift range. We used equa-
tions (11) and (15) to plot the minimum and maximum

k-values for each experiment, where the minimum k is
set by the size of the survey and the maximum k is
chosen to cut o↵ before nonlinearities become dominant
(the value chosen varies somewhat in the literature for
the di↵erent experiments). We have also plotted a point
of k ' 0.05 h Mpc�1, corresponding to the approximate
position of the turnover in the matter power spectrum.
The bent shape of these survey regions reflects the shape
of the matter power spectrum shown in Fig. 1 (cyan
curve). Table 1 shows the values used. In addition, we
have added a point to represent recent measurements of
the BAO feature (Anderson et al. 2014).
Although the extent of the parameter space probed

by cosmology is small, we stress that this is one of the

Baker+ 1412.3455 20
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FIG. 2. (Color online) Schematic diagram of the curvature-
potential phase space sampled by various experiments that
test GR. The vertical axis shows the inverse of the character-
istic curvature length scale, while the horizontal axis shows
the characteristic gravitational potential, based on Table II.
GW150914 and GW151226 sample a regime where the curva-
ture and the potential are both simultaneously large and dy-
namical, indicated here by the finite range the curves sweep
in the figure. The finite area of pulsar timing arrays is due
to the range in the GW frequency and the total mass of su-
permassive BH binaries that such arrays may detect in the
future. Figure 3 is a companion plot that illustrates the dy-
namical aspects of gravity probed by these experiments; the
lighter (blue) dots here are to indicate that the Shapiro time
delay from binary pulsars and the Cassini satellite do not give
information on the dynamical regime.

the curvature, to change appreciably. GW150914 and
GW151226 land in the top left region of the left panel
of Fig. 3, at least four orders of magnitude away from
the double binary pulsar. The Shapiro time delay and
Cassini observation do not appear in this figure, as they
do not sample the dynamical sector of GR. For the GW
events, how rapidly the curvature and the potential sweep
through the detector’s sensitivity band is shown on the
right panel of Fig. 3.

B. GW Model in GR and outside GR

1. IMRPhenom Model in GR

The LVC employed two main waveform models (both
calculated within GR) to reconstruct the signal [4, 134].
One of these, the so-called IMRPhenom model [89–93],
was heavily used to validate GR in [5, 19]. In partic-
ular, the LVC employed the most recent IMRPhenom
model (PhenomPv2), which is a modified version of Phe-
nomD [92, 93] that includes precession by rotating a spin-
aligned waveform to a precessing frame [135]. In this

M L
GW150914 [1, 4, 5] 65.3M� 190–1300km

GW151226 [2, 5] 21.7M� 64–900km

Pulsar Timing Arrays [130] 106–109M� 109.6–1012km

Bin. Pulsar (Shapiro Delay) [131] 1.34M� 1.04 ⇥ 104km

Bin. Pulsar (Orbital Decay) [129] 2.59M� 8.7 ⇥ 105km

LAGEOS [123] 1M� 1.9R�
Lunar Laser Ranging [132] 1M� 3.8 ⇥ 105km

Cassini [124] 1M� 1.6R�
Pericenter Precession of Mercury [7, 133] 1M� 5.8 ⇥ 107km

TABLE II. The characteristic mass and length scale cho-
sen to compute the characteristic curvature and potential in
Fig. 2. For GW150914, GW151226 and pulsar timing ar-
rays, we extract the length scale from the observed frequency
via L = [M/(⇡f)2]1/3, where for the former two we choose
f = 20Hz up to contact, while for the latter we choose
f = 3 ⇥ 10�9–5 ⇥ 10�7Hz. The length scale for the binary
pulsar Shapiro delay corresponds to the sum of the minimum
impact parameter with an inclination of 89.3� (⇠ 9800km)
and the e↵ect of lensing (⇠ 600km) of the double binary pul-
sar PSR J0737-3039 [131].

paper, we will use the PhenomD model and ignore pre-
cession e↵ects9. The di↵erences in the constraints on
non-GR e↵ects obtained with an older version of the IM-
RPhenom model (PhenomB [90]) and PhenomD wave-
forms are discussed in Appendix A. This appendix also
provides a rough estimate of the impact of mismodeling
error in tests of GR, showing that this error does not af-
fect tests for the modified gravity e↵ects considered here
using events GW150914 and GW151226.
Let us then briefly summarize the PhenomD model

of [93]. This phenomenological approach models the
Fourier transform of the response function as a piece-
wise function with 3 distinct pieces or phases, where each
phase i takes the following form:

h̃i(f) = Ai(f)e
i�i(f) . (1)

The three phases that are distinguished are the inspiral,
an intermediate phase and the merger-ringdown phase.
In the inspiral phase, the waveform is modeled as follows.
The amplitude is treated in PN theory, including terms
up to 3PN order that are known analytically, and higher-
order functionals (up to 4.5PN order) fitted to numerical
simulations. In particular, the early-inspiral part of the
phase is simply given by

�EI(f) = 2⇡ftc��c�
⇡

4
+

3

128⌘
(⇡mf)�5/3

7X

i=0

�i (⇡mf)i/3 .

(2)

9 The LVC was unable to precisely extract the individual spin
components of each BH binary prior to coalescence for either
event, nor the spin parameter combination that characterizes
the amount of precession [2, 4, 5, 136].
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Waveforms in GR
• Full solution requires numerical 

relativity solution of field 
equations 

• Use approximate waveform 
families for comparison to data 

• Only capture a subset of the 
physics: spin dynamics, higher 
harmonics, treatment of merger 

• Applicable in certain regimes: 
near-equal-mass ratio, non-
extremal spins 

• Can describe amplitude and 
phase evolution in freq domain:

Walter Del Pozzo GWPAW 2017, Annecy, France

GW templates in GR

• Analytical, parametric description of 
GW solution in GR 

• Suitable for detection and parameter 
estimation analyses

9

h(f ; ✓) = A(f ; ✓)ei�(f ;✓)

�(f ; ✓) ⌘ �(f ;m1,m2,~s1,~s2)

Walter Del Pozzo GWPAW 2017, Annecy, France
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non-GR signatures
• Theoretical modifications to GR predictions in different regimes: 

• non-GR action (extra fields, higher order curvature): practically no 
numerical simulations - rely on post-newtonian theory 

• propagation (massive graviton, Lorentz invariance violations): GR-like 
source dynamics, modified dispersion relation in propagation 

• non-GR BHs (hairy BHs, exotic compact objects): 

• different tidal deformation in inspiral 

• different quasi-normal mode spectrum in ringdown 

• exotic solutions: firewalls, echoes, … 

• Large phase space to explore 

• source modelling in non-GR gravity mostly unexplored!
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Testing General Relativity 15
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Figure 2.1. This diagram illustrates how Lovelock’s theorem serves as a guide to classify modified
theories of gravity. Each of the yellow boxes connected to the circle represents a class of modified
theories of gravity that arises from violating one of the assumptions underlying the theorem. A theory
can, in general, belong to multiple classes. See Table 1 for a more precise classification.

2. Extensions of general relativity: motivation and overview

2.1. A compass to navigate the modified-gravity atlas

There are countless inequivalent ways to modify GR, many of them leading to theories
that can be designed to agree with current observations. Cosmological observations
and fundamental physics considerations suggest that GR must be modified at very
low and/or very high energies. Experimental searches for beyond-GR physics are a
particularly active and well motivated area of research, so it is natural to look for a
guiding principle: if we were to find experimental hints of modifications of GR, which
of the assumptions underlying Einstein’s theory should be abandoned?

Such a guiding principle can be found by examining the building blocks of
Einstein’s theory. Lovelock’s theorem [191, 192] (the generalization of a theorem
due to Cartan [193]) is particularly useful in this context. In simple terms, the theorem
states that GR emerges as the unique theory of gravity under specific assumptions.
More precisely, it can be articulated as follows:

In four spacetime dimensions the only divergence-free symmetric rank-2
tensor constructed solely from the metric gµ⌫ and its derivatives up to second
differential order, and preserving diffeomorphism invariance, is the Einstein
tensor plus a cosmological term.

What are the alternatives?
• Extra degrees of 

freedom 

• additional fields 

• additional curvature 
terms in action 

• Test GR fundamental 
assumptions 

• Lorentz invariance 

• Equivalence principle 

• Strong field behaviour Berti+ 1501.07274

Lovelock theorem: In 4D, the only divergence 
free symmetric rank-2 tensor constructed only by the metric and 
its derivatives up to 2nd order and preserving diffeomorphism 

invariance is the Einstein tensor plus a constant.  
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Parametrised tests of GR
• GW phase modelled as effective series (IMRPhenom 

waveforms) 

• non-GR theories modify coefficients in series (e.g. PPE 
Yunes+ 0909.3328, 1603.08955) 

• Look for generic modifications of coefficients (Li+ 
1110.0530, Agathos+ 1311.0420) 

• Calculate posterior on deviations         along with GR 
physical parameters

Walter Del Pozzo GWPAW 2017, Annecy, France

Parametrised tests of GR
• GW waveforms are expressed in terms of effective series, 

for the Phenom family: 

• Modified theories of gravity change the series (e.g. PPE: 
Yunes & Pretorius, arXiv:0909.3328, Cornish+,arXiv:
1105.2088) 

• Perturb the GW phase around GR (Li+,arXiv:1110.0530, 
Agathos+,arXiv:1311.0420) 

• Bound violations by computing posterior distributions for 
the        in concert with the physical parameters of the 
system

14
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Results for parameterised tests
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FIG. 3. Combined posteriors for parametrized violations of GR, obtained from all events in Table I with a significance of FAR < (1000 yr)�1

in both modeled searches. The horizontal lines indicate the 90% credible intervals, and the dashed horizontal line at zero corresponds to the
expected GR values. The combined posteriors on 'i in the inspiral regime are obtained from the events which in addition exceed the SNR
threshold in the inspiral regime (GW150914, GW151226, GW170104, GW170608, and GW170814), analyzed with IMRPhenomPv2 (grey
shaded region) and SEOBNRv4 (black outline). The combined posteriors on the intermediate and merger-ringdown parameters �i and ↵i
are obtained from events which exceed the SNR threshold in the post-inspiral regime (GW150914, GW170104, GW170608, GW170809,
GW170814, and GW170823), analyzed with IMRPhenomPv2.

The �1PN term of �'̂2 can be interpreted as arising from
the emission of dipolar radiation. For binary black holes, this
could occur in, e.g., alternative theories of gravity where an
additional scalar charge is sourced by terms related to curva-
ture [95, 96]. At leading order, this introduces a deviation in
the �1PN coe�cient of the waveform [97, 98]. This e↵ec-
tively introduces a term in the inspiral GW phase, varying with
frequency as f �7/3, while the gravitational flux is modified as
FGR ! FGR(1 + Bc2/v2). The first bound on �'̂�2 was pub-
lished in [8]. The higher-order terms in the above expansion
also lead to a modification in the higher-order PN coe�cients.
Unlike the case of GW170817 (which we study separately
in [8]), where the higher-order terms in the expansion of the
flux are negligible, the contribution of higher-order terms can
be significant in the binary black-hole signals that we study
here. This prohibits an exact interpretation of the �1PN term
as the strength of dipolar radiation. Hence, this analysis only
serves as a test of the presence of an e↵ective �1PN term in
the inspiral phasing, which is absent in GR.

To measure the above GR violations in the post-Newtonian
inspiral, we employ two waveform models: (i) the analytical
frequency-domain model IMRPhenomPv2 which also provided
the natural parametrization for our tests and (ii) SEOBNRv4,
which we use in the form of SEOBNRv4 ROM, a frequency-
domain, reduced-order-model of the SEOBNRv4 model. The
inspiral part of SEOBNRv4 is based on a numerical evolution
of the aligned-spin e↵ective-one-body dynamics of the binary,
while its post-inspiral evolution is calibrated against NR simu-
lations. Despite its non-analytical nature, SEOBNRv4 ROM
can also be used to test the parametrized modifications of
the early inspiral defined above. Using the method presented
in [8], we add deviations to the waveform phase correspond-
ing to a given �'̂i at low frequencies and then taper the cor-
rections to zero at a frequency consistent with the transition
frequency between early-inspiral and intermediate phases used
by IMRPhenomPv2. The same procedure cannot be applied to
the later stages of the waveform, thus the analysis performed
with SEOBNRv4 is restricted to the post-Newtonian inspiral,
cf. Fig. 3.

The analytical descriptions of the intermediate and merger-
ringdown stages in the IMRPhenomPv2 model allow for a
straightforward way of parametrizing deviations from GR, de-

noted by {��̂2, ��̂3} and {�↵̂2, �↵̂3, �↵̂4} respectively, follow-
ing [93]. Here the parameters ��̂i correspond to deviations
from the NR-calibrated phenomenological coe�cients �i of
the intermediate stage, while the parameters �↵̂i refer to modi-
fications of the merger-ringdown coe�cients ↵i obtained from
a combination of phenomenological fits and analytical black-
hole perturbation theory calculations [19].

Using LALInference, we calculate posterior distributions of
the parameters characterizing the waveform (including those
that describe the binary in GR). Our parametrization recovers
GR at � p̂i = 0, so consistency with GR is verified if the poste-
riors of � p̂i have support at zero. We perform the analyses by
varying one � p̂i at a time; as shown in Ref. [99], this is fully
robust to detecting deviations present in multiple PN-orders.
In addition, allowing for a larger parameter space by varying
multiple coe�cients simultaneously would not improve our
e�ciency in identifying violations of GR, as it would yield less
informative posteriors. A specific alternative theory of gravity
would likely yield correlated deviations in many parameters,
including modifications that we have not considered here. This
would be the target of an exact comparison of an alternative
theory with GR, which would only be possible if a complete,
accurate description of the inspiral-merger-ringdown signal in
that theory was available.

We use priors uniform on � p̂i and symmetric around zero.
Figure 3 shows the combined posteriors of � p̂i (marginal-
ized over all other parameters) estimated from the combi-
nation of all the events that cross the significance threshold
of FAR < (1000 yr)�1 in both modeled searches; see Table I.
Events with SNR< 6 in the inspiral regime (parameters �'̂i) or
in the post-inspiral regime (��̂i and �↵̂i for the intermediate and
merger-ringdown parameters respectively) are not included in
the results, since the data from those instances failed to pro-
vide useful constraints (see Sec. III for more details). This
SNR threshold, however, is not equally e↵ective in ensuring
informative results for all cases; see Sec. 3 in the Appendix
for a detailed discussion. In all cases considered, the posteri-
ors are consistent with � p̂i = 0 within statistical fluctuations.
Bounds on the inspiral coe�cients obtained with the two di↵er-
ent waveform models are found to be in good agreement with
each other. Finally, we note that the event-combining analyses
on � p̂i assume that these parametrized violations are constant

5 events 1903.04467

bounds quickly become rather loose as the PN order is
increased. As a consequence, the double-pulsar bounds are
significantly less informative than GW150914, except at
0 PN order, where the double-pulsar bound is better thanks
to the long observation time (∼10 yr against ∼0.4 s for
GW150914). (We note that when computing the upper
bounds with the binary-pulsar observations, we include the
effect of eccentricity only in the 0 PN parameter. For the
higher PN parameters, the effect is not essential considering
that the bounds are not very tight.) Thus, GW150914 allows
us for the first time to constrain the coefficients in the PN
series of the phasing up to 3.5 PN order.
Furthermore, in Table I and Fig. 7 we summarize the

constraints on each testing parameter δφ̂i for the single- and
multiple-parameter analyses. In particular, in the sixth and
seventh columns of Table I, we list the quantile at which the
GR value of zero is found within the marginalized one-
dimensional posterior (i.e., the integral of the posterior
from the lower bound of the prior up to zero). We note that
in the single-parameter analysis, for several parameters, the
GR value is found at quantiles close to an equivalent of
2σ − 2.5σ, i.e., close to the tails of their posterior proba-
bility functions. It is not surprising that this should happen
for the majority of the early-inspiral parameters since we
find that these parameters have a substantial degree of
correlation. Thus, if a particular noise realization causes the
posterior distribution of one parameter to be off centered
with respect to zero, we expect that the posteriors of all of
the other parameters will also be off centered. This is
indeed what we observe. The medians of the early-inspiral
single-parameter posteriors reported in Table I show
opposite sign shifts that follow closely the sign pattern
found in the PN series.

We repeated our single-parameter analysis on 20 data
sets obtained by adding the same NR waveform with
GW150914-like parameters to different noise-only data
segments close to GW150914. In one instance, we
observed δφ̂i posterior distributions very similar to those
of Table I and Fig. 7, both in terms of their displacements
from zero and of their widths, whereas for the others the
displacements tended to be much smaller (though the
widths were still comparable). Thus, it is not unlikely that
instrumental noise fluctuations would cause the degree of
apparent deviation from GR found to occur in the single-
parameter quantiles for GW150914, even in the absence of
an actual deviation from GR. However, we cannot fully
exclude a systematic origin from inaccuracies or even
missing physics in our waveform models. Future observa-
tions will shed light on this aspect.
In the multiple-parameter analysis, which accounts for

correlations between parameters, the GR value is usually
found to be very close to the median of the marginalized
distributions. This is partly due to the fact that we are not
sensitive to most of the early-inspiral parameters, with the
exception of the 0PN and 0.5PN coefficients. As for the
intermediate and merger-ringdown parameters, since most
of the SNR for GW150914 comes from the high-frequency
portion of the observed signal, we find that the constraints
on those coefficients are very robust and essentially
independent of the analysis configuration chosen, single
or multiple.
Finally, the last two columns of Table I report the

logarithm of the ratio of the marginal likelihoods (the
logarithm of the Bayes factor log10 BGR

model) as a measure of
the relative goodness of fit between the IMRPHENOM and
GIMR models (see Ref. [3] and the references therein). If

FIG. 7. Violin plot summarizing the posterior probability density distributions for all of the parameters in the GIMR model. (Summary
statistics are reported in Table I.) From left to right, the plot shows increasingly high-frequency regimes, as outlined in the text and
Fig. 3; the leftmost posteriors, labeled from 0 PN to 3.5 PN, are for the early-inspiral PN regime; the βi and αi parameters correspond to
the intermediate and merger-ringdown regimes. Note that the constraints get tighter in the merger and ringdown regimes. In red, we
show posterior probability distributions for the single-parameter analysis, while in cyan we show the posterior distribution for the
multiple-parameter analysis. The black error bar at 0PN shows the bound inferred from the double pulsar; higher PN orders are not
shown, as their constraints are far weaker than GW150914’s measurement and they would appear in the plot as vertical black lines
covering the entire y axis. The 2.5 PN term reported in the figure refers to the logarithmic term δφ̂5l. Because of their very different scale
compared to the rest of the parameters, the 0 PN and 0.5 PN posterior distributions from GW150914 and the double-pulsar limits at 0 PN
order are shown on separate panels. The error bars indicate the 90% credible regions reported in Table I. Because of correlations among
the parameters, the posterior distribution obtained from the multiple-parameter analyses in the early-inspiral regimes are informative
only for the 0.5 PN coefficient.
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Black Hole Ringdowns
• “No-hair theorem” states that stationary BHs 

are described by mass, spin (and charge) only 

• When final BH forms it is highly excited, rapidly 
settles down to Kerr state by emitting GW 
“ringdown” 

• BH perturbation theory [Chandrasekhar] gives a 
series of quasi-normal modes but very rapidly 
decaying! 

• Mode frequencies should only depend on 
mass and spin - in GR! Leaver 1985, Berti+ CQG 26 
163001 (2009), Berti+ gr-qc/0605118 

• BH spectroscopy will test GR in this regime by 
observing multiple mode frequencies (need 
louder signals first!)
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FIG. 1. Posterior distribution over tstart obtained assuming
a uniform prior distribution in [10, 20]Mf .

released by the LVC [37], combined with fitting formulae
obtained from numerical relativity simulations [20, 38, 39]
and employ them to predict the corresponding frequency
and damping time for a set of modes which overlap with
the unmodelled posterior. Figure 3 shows the 90% CI
on n = 0, l = 2, 3 modes obtained with the described
procedure. The largest overlap, quantified through Bayes’
theorem, is obtained for the {(2, 2, 0), (3,�3, 0)} modes.
We also find A = (3.22+1.4

�1.1)⇥ 10�21, and, most notably,

we determine, directly from the data, tstart = 3.9+0.3
�0.3 ms,

Fig. 1.
The uncertainty on tstart is mostly due to the 4096 Hz

sampling rate used. Interestingly, with a BH mass
of Mf = 68M� (the median value published by the
LVC [23]), one obtains a start time for the ringdown of
⇠ 14+2

�2 Mf . This result is in good agreement with what
obtained through gauge-invariant geometric and algebraic
conditions quantifying local isometry to the Kerr space-
time [27] and results obtained through earlier parameter
estimation methods [28]. We also infer a posterior dis-
tribution on the sky position of the signal, Fig 2, which
completely overlaps with published LVC analyses using
the full signal [37, 40]. The projection was obtained using
a Dirichlet Process Gaussian-mixture model, as described
in [41]. Due to the lower SNR contained in the ringdown-
only portion of the signal, our posterior distribution is
wider. Also, we observe no correlation between tstart and
sky position parameters. Fig. 4 shows the reconstructed
signal overlaid on interferometric data. A whitening pro-
cedure is applied in order to facilitate the visualization of
the result, but no whitening is applied during the analysis.
At this point it is natural to ask whether the data

provides evidence for a second ringdown mode. To verify
this hypothesis we repeat the previous analysis using the

FIG. 2. Orthographic projection of the 90% two-dimensional
contour for the sky position of GW150914 obtained by our
analysis (in black). As a comparison we also show the publicly
available posterior samples from a full IMR analysis by the
LVC [37] (in purple, completely overlapping with our result).
Regardless of the particular model chosen for the analysis, we
always observe the same posterior.

aforementioned settings, but now using two independent
damped sinusoids. The Bayes’ factor, see Table I, shows
no evidence for more than a single mode. We also at-
tempted a test of GR through the measurement of �!
following [42], but the posterior was uninformative, be-
cause the SNR is not enough to constrain more than a
single mode. Finally, a preliminary study on numerical
relativity solutions showed no challenges in testing the
no-hair conjecture in the high SNR limit, contrary to
the claim presented in [43] and confirming the results
presented in [21, 28, 44].

SINGLE KERR MODE

From the spectroscopic analysis the favoured modes are
the (3,-3,0), (3,-2,0), (2,1,0) and (2,2,0). A clear mode
identification would require the width of the agnostic
posterior to overlap with only a single mode, but the sta-
tistical uncertainty is too large. The GW150914 inspiral
result points to an almost face-o↵ and nearly equal mass
BBH, thus the (2,2,0) mode should be the most excited
one. Hence, we wondered whether a stronger assumption
helps discriminate between the various modes. We run
the analysis with a Kerr model:

h+ � ih⇥ =
Mf

DL

X

lmn

Almn Slmn(◆,') e
i(t�tlmn)!̃lmn+�lmn ,

(4)

4

FIG. 3. BH spectroscopy from the two- dimensional posterior
for central frequency and damping time obtained with a single
damped sinusoid ringdown model. The colored contours are
the 90% credible intervals for particular (`,m, n) Kerr modes,
derived from the LVC reported remnant mass Mf and spin af

(derived from inspiral). We show the ` = 2 and ` = 3 modes
as other `’s do not overlap with the posterior distribution.

where !̃lmn = !lmn + i/⌧lmn is the complex ringdown
frequency determined by the remnant BH mass Mf and
its spin af . The relations !lmn = !lmn(Mf , af ) , ⌧lmn =
⌧lmn(Mf , af ) follow the formulae given in Ref. [20], avail-
able at [39]. Slmn are the spin-weighted spheroidal har-
monics [45]. On the other hand, while analytical pre-
dictions for the amplitudes Almn exist [34, 44, 46, 47]
based on the progenitors masses and spins, we do not use
them as we wish to estimate them from the data, allowing
observational comparisons to the aforementioned theo-
retical models. Finally, as in the previous analysis, the
start time of each mode is left as a free parameter. The
prior distribution was uniform for parameters: luminosity
distance DL 2 [10, 1000]Mpc, inclination cos(◆) 2 [�1, 1],
Mf 2 [10, 100]M�, af 2 [0, 0.99], log10 Almn 2 [�5, 3],
'i 2 [0, 2⇡] rad, ti 2 [3.3, 6.6]ms.

In Table I we report, for the most probable modes, the
Bayes factors comparing the hypotheses that GW150914
can be described as the ringdown generated by a single
given (`,m, n) Kerr mode. Without imposing any re-
striction on the excitations of the di↵erent modes, the
given SNR does not allow us to conclusively discriminate
between a subset of the ` = 2, 3 modes. The obtained
posterior on the sky position parameters and the start
time show no appreciable di↵erence with respect to the
results already presented in the single damped sinusoid
case. The posterior distribution of the orientation param-
eters (DL, cos(◆)) does not show any significant departure

FIG. 4. Reconstructed whitened waveform superimposed
on LIGO-Hanford (top panel) and LIGO-Livingston (bottom
panel) data. The solid line shows the median recovered wave-
form, while shaded regions represent 90% credible intervals.

from the prior distribution. This is an indication that,
with our model, the event is not loud enough to infer
these parameters from the final stage of the coalescence
only.

KERR MULTIPLE MODES

Although the unmodelled analysis found no evidence
for more than one mode, we repeat the analysis with the
Kerr model allowing for the presence of two modes to see
whether a more constraining model is able to detect them.
Table I reports results for the few combinations that gave
the highest Bayes factors. The results on the two Kerr
parameters (mass and spin) from this analysis using the
{(2, 2, 0), (3,�3, 0)} modes is presented in Figure 5. We
wish to stress that the posteriors therein do not imply the
presence of multiple modes, but rather explain why the
Bayes factors indicate that we cannot distinguish between
a pure (2, 2, 0), a pure (3,�3, 0) or even a mixture of the
two, see Table I. Both modes, in fact, provide similar
predictions for central frequency and damping time for
GW150914 – see also Fig. 3 – for the typical remnant
parameters expected from near-equal mass merging BHs,
where af ⇠ 0.6 is dominated by the contribution of the
orbital angular momentum [48, 49]. From the spectral
content only, the inability to discriminate among subsets
of modes is thus likely to persist in future ground-based
observations. We expect this degeneracy to be lifted either
in very loud events or in systems for which the remnant

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5

ðm1 þm2Þ1=5
¼ c3

G

!
5

96
π−8=3f−11=3 _f

"
3=5

;

where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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Inspiral-Merger-Ringdown Consistency
• With one ringdown mode (l=m=2 

dominates) we can still measure the 
mass and spin of the final BH 

• Compare between mass and spin 
inferred from the inspiral portion of 
the signal 

• Account for energy loss to 
radiation via numerical relativity 
fits 

• Discrepancies would reveal non-GR 
dynamics during the merger phase 

• So far events are consistent with 
GR predictions

7

TABLE III. Results from the inspiral-merger-ringdown consistency
test for selected binary black hole events. fc denotes the cuto↵ fre-
quency used to demarcate the division between the inspiral and post-
inspiral regimes; ⇢IMR, ⇢insp, and ⇢post�insp are the median values of
the SNR in the full signal, the inspiral part, and the post-inspiral part,
respectively; and the GR quantile denotes the fraction of the posterior
enclosed by the isoprobability contour that passes through the GR
value, with smaller values indicating better consistency with GR.

Event fc [Hz] ⇢IMR ⇢insp ⇢post�insp GR quantile [%]

GW150914 132 25.3 19.4 16.1 55.5
GW170104 143 13.7 10.9 8.5 24.4
GW170729 91 10.7 8.6 6.9 10.4
GW170809 136 12.7 10.6 7.1 14.7
GW170814 161 16.8 15.3 7.2 7.8
GW170818 128 12.0 9.3 7.2 25.5
GW170823 102 11.9 7.9 8.5 80.4

All in all, this means that there is no statistically significant
evidence for deviations from GR.
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FIG. 2. Results of the inspiral-merger-ringdown consistency test for
the selected BBH events (see Table I). The main panel shows 90%
credible regions of the posterior distributions of (�Mf/M̄f ,�af/āf ),
with the cross marking the expected value for GR. The side panels
show the marginalized posteriors for �Mf/M̄f and �af/āf . The thin
black dashed curve represents the prior distribution, and the grey
shaded areas correspond to the combined posteriors from the five
most significant events (as outlined in Sec. III and Table I).

B. Inspiral-merger-ringdown consistency test

The inspiral-merger-ringdown consistency test for binary
black holes [38, 75] checks the consistency of the low-
frequency part of the observed signal (roughly correspond-
ing to the inspiral of the black holes) with the high-frequency
part (to a good approximation, produced by the post-inspiral
stages). The cuto↵ frequency fc between the two regimes is
chosen as the frequency of the innermost stable circular or-
bit of a Kerr black hole [76], with mass and dimensionless
spin equal to the median values of the posterior distribution
of the remnant’s mass and spin. This determination of fc is
performed separately for each event and based on parameter
inference of the full signal (see Table III for values of fc).8 The
binary’s parameters are then estimated independently from the
low (high) frequency parts of the data by restricting the noise-
weighted integral in the likelihood calculation to frequencies
below (above) this frequency cuto↵ fc. For each of these inde-
pendent estimates of the source parameters, we make use of fits
to numerical-relativity simulations given in [77–79] to infer the
mass Mf and dimensionless spin magnitude af = c|~S f |/(GM2

f )
of the remnant black hole.9 If the data are consistent with GR,
these two independent estimates have to be consistent with
each other [38, 75]. Because this consistency test ultimately
compares between the inspiral and the post-inspiral results,
posteriors of both parts must be informative. In the case of
low-mass binaries, the SNR in the part f > fc is insu�cient
to perform this test, so that we only analyze seven events as
indicated in Tables I and III.

In order to quantify the consistency of the two di↵erent
estimates of the final black hole’s mass and spin we define
two dimensionless quantities that quantify the fractional di↵er-
ence between them: �Mf/M̄f B 2 (Minsp

f � Mpost-insp
f )/(Minsp

f +

Mpost-insp
f ) and �af/āf B 2 (ainsp

f � apost-insp
f )/(ainsp

f + apost-insp
f ),

where the superscripts indicate the estimates of the mass
and spin from the inspiral and post-inspiral parts of the sig-
nal.10 The posteriors of these dimensionless parameters, es-
timated from di↵erent events, are shown in Fig. 2. For
all events, the posteriors are consistent with the GR value
(�Mf/M̄f = 0,�af/āf = 0). The fraction of the posterior
enclosed by the isoprobability contour that passes through
the GR value (i.e., the GR quantile) for each event is shown
in Table III. Figure 2 also shows the posteriors obtained by
combining all the events that pass the stronger significance

8 The frequency fc was determined using preliminary parameter inference
results, so the values in Table III are slightly di↵erent than those that would
be obtained using the posterior samples in GWTC-1 [9]. However, the test
is robust against small changes in the cuto↵ frequency [38].

9 As in [6], we average the Mf , af posteriors obtained by di↵erent fits [77–79]
after augmenting the fitting formulae for aligned-spin binaries by adding
the contribution from in-plane spins [80]. However, unlike in [6, 80], we do
not evolve the spins before applying the fits, due to technical reasons.

10 For black hole binaries with comparable masses and moderate spins, as we
consider here, the remnant black hole is expected to have af & 0.5; see, e.g.,
[77–79] for fitting formulae derived from numerical simulations, or Table I
for values of the remnant’s spins obtained from GW events. Hence, �af/āf
is expected to yield finite values.
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Figure 2
The most recent measurements of neutron-star masses. Double neutron stars (magenta), recycled pulsars
( gold ), bursters ( purple), and slow pulsars (cyan) are included.
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Figure 3
The inferred mass distributions for the different populations of neutron stars.

parameters for these distributions are the following: M 0 = 1.33 M⊙ and σ = 0.09 M⊙ for
the DNSs, M 0 = 1.54 M⊙ and σ = 0.23 M⊙ for the recycled NSs, and M 0 = 1.49 M⊙ and
σ = 0.19 M⊙ for the slow pulsars. A recent study also raised the possibility of two peaks within
the recycled MSP population, with the first peak at M = 1.39 M⊙ and a dispersion σ = 0.06 M⊙

and a second peak appearing at M = 1.81 M⊙ with a dispersion of σ = 0.18 M⊙ (Antoniadis
et al. 2016).

Among these inferred distributions, the narrowness of the DNS distribution stands out.
Although clearly not representative of NSs as a whole, as it was once thought (Thorsett &
Chakrabarty 1999), it probably points to a particular evolutionary mechanism that keeps the
masses of NSs in these systems in a narrow range. Recent discoveries, such as the DNS J0453+1559
(Deneva et al. 2013), indicate that the range of masses in DNS systems may also be wider than
previously believed: the recycled pulsar has a mass of 1.559 (5) M⊙, the heaviest known in any DNS
(Martinez et al. 2015), whereas the companion has a mass of 1.174 (4) M⊙, the smallest precisely
measured mass of any NS (we infer that the companion is an NS from the orbital eccentricity of
the system, e = 0.11251837(5), which would not arise if it had slowly evolved to a massive WD
star).

2.6. Maximum Mass of Neutron Stars
Finding the maximum mass of NSs is of particular interest in mass measurements because of its
direct implications for the NS EoSs and NS evolution. The largest NS mass can rule out the EoSs
that have maximum masses and fall below this value. The current record holder on this front is
J0348+0432 with a mass of 2.01 ± 0.04 M⊙ (Antoniadis et al. 2013).

There are also some studies of a particular class of MSPs called black widows (and their cousins
redbacks) that have suggested higher NS masses (e.g., van Kerkwijk et al. 2011). These MSPs
irradiate and ablate their very low-mass companions. Although the pulsar timing provides the
Keplerian parameters for the orbit, all other information about the masses in these systems is
obtained from the modeling of the optical light curves (to determine orbital inclination) and the
spectroscopy (to measure the mass ratio) of the companion star. Unfortunately, there are many
difficulties in obtaining accurate measurements from these ablated companions. Even when using
a model of an irradiated companion, the short timescale variability, the unevenly heated surface,
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FIG. 6. Posterior PDF for the e↵ective spin parameter �e↵

using the high-spin prior (top) and low-spin prior (bottom).
The four waveform models used are TaylorF2, PhenomDNRT,
PhenomPNRT, and SEOBNRT.

�p and the individual spins are extracted. For the pre-
cessing waveform PhenomPNRT used in this work, we
use 100 Hz.

As discussed previously we use two choices for priors on
component spins, a prior which allows for high spins (� 
0.89) and one which restricts to lower spin magnitudes
(�  0.05). The choice of prior has a strong impact on
our spin inferences, which in turn influences the inferred
component masses through the q–�e↵ degeneracy.

Figure 6 shows the marginalized posterior probabil-
ity distributions for �e↵ from the four waveform mod-
els, along with the high-spin and low-spin priors. For
the high-spin case we find that negative values of �e↵

are mostly excluded for all of the models, although small
negative �e↵ and negligible values are still allowed. Large
values of �e↵ are also excluded, and the 90% credi-
ble interval for PhenomPNRT is �e↵ 2 (�0.00, 0.10).
The uncertainty in �e↵ is reduced by nearly a factor of
two as compared with the more conservative constraint
�e↵ 2 (�0.01, 0.17) reported in [3] for this prior, and
remains consistent with negligibly small spins. For the
low-spin prior, the constraints on negative values of �e↵

are nearly identical, but in this case the upper end of the
�e↵ marginal posterior is shaped by the prior distribu-
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FIG. 7. Marginalized two-dimensional posteriors for the ef-
fective spin �e↵ and mass ratio q using the PhenomPNRT
model for the high-spin prior (blue) and low-spin prior (or-
ange). The 50% (dashed) and 90% (solid) credible regions are
shown for the joint posterior. The 90% credible interval for
�e↵ is shown by vertical lines and the 90% lower limit for q
is shown by horizontal lines. 1-D marginal distributions have
been renormalized to have equal maxima.

tion. The 90% credible interval in the low-spin case for
PhenomPNRT is �e↵ 2 (�0.01, 0.02), which is the same
range as reported in [3] for the low-spin case.

Figure 7 shows two-dimensional marginalized pos-
teriors for q and �e↵ for PhenomPNRT, illustrating
the degeneracy between these parameters. The two-
dimensional posterior distributions are truncated at the
boundary q = 1, and when combined with the degeneracy
this causes a positive skew in the marginalized �e↵ poste-
riors, as seen in Fig. 6 [132]. Compared to the high-spin
priors, the low-spin prior on �e↵ cuts o↵ smaller values
of q, favoring nearly equal-mass systems.

While all of the models provide constraints on the ef-
fective spin, only the PhenomPNRT model provides con-
straints on the spin-precession of the binary. The top
panel of Fig. 8 shows the inferred component spin magni-
tudes and orientations for the high-spin case. In the high-
spin case, Fig. 8 shows that we rule out large spin compo-
nents aligned or anti-aligned with L, but the constraints
on in-plane spin components are weaker. As such, we
can only rule out large values for the e↵ective precession
parameter �p, as seen in the bottom panel of Fig 8, with
the upper 90th percentile at 0.53. Nevertheless, in this
case we can place bounds on the magnitudes of the com-
ponent spins; we find that the 90% upper bounds are
�1  0.50 and �2  0.61, still well above the range of
spins inferred for Galactic binary neutron stars.

7

FIG. 4. Marginalized posteriors for the binary inclination
(✓JN) and luminosity distance (DL) using a uniform-in-volume
prior (blue) and EM-constrained luminosity distance prior
(purple) [104]. The dashed and solid contours enclose the
50% and 90% credible regions respectively. Both analyses
use a low-spin prior and make use of the known location of
SSS17a. 1-D marginal distributions have been renormalized
to have equal maxima to facilitate comparison, and the ver-
tical and horizontal lines mark 90% credible intervals.

gle ✓JN = 151+15
�11 deg (low-spin) and ✓JN = 153+15

�11 deg
(high spin). This measurement is consistent for both the
high-spin and low-spin cases, since the EM measurements
constrain the source of GW170817 to higher luminosity
distances and correspondingly more face-on inclination
values. They are also consistent with the limits reported
in previous studies using afterglow measurements [108]
and combined GW and EM constraints [104, 109, 110] to
infer the inclination of the binary.

B. Masses

Owing to its low mass, most of the SNR for GW170817
comes from the inspiral phase, while the merger and
post-merger phases happen at frequencies above 1 kHz,
where LIGO and Virgo are less sensitive (Fig. 1). This
is di↵erent than the BBH systems detected so far,
e.g. GW150914 [111–114] or GW170814 [52]. The inspiral
phase evolution of a compact binary coalescence can be
written as a PN expansion, a power series in v/c, where v

is the characteristic velocity within the system [87]. The
intrinsic parameters on which the system depends enter
the expansion at di↵erent PN orders. Generally speak-
ing, parameters which enter at lower orders have a large
impact on the phase evolution, and are thus easier to
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FIG. 5. 90% credible regions for component masses using
the four waveform models for the high-spin prior (top) and
low-spin prior (bottom). The true thickness of the contour,
determined by the uncertainty in the chirp mass, is too small
to show. The points mark the edge of the 90% credible re-
gions. 1-D marginal distributions have been renormalized to
have equal maxima, and the vertical and horizontal lines give
the 90% upper and lower limits on m1 and m2, respectively.

measure using the inspiral portion of the signal.

The chirp mass M enters the phase evolution at the
lowest order, thus we expect it to be the best-constrained
among the source parameters [32, 80, 92, 93]. The mass
ratio q, and consequently the component masses, are in-
stead harder to measure due to two main factors: 1)
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to have equal maxima to facilitate comparison, and the ver-
tical and horizontal lines mark 90% credible intervals.
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constrain the source of GW170817 to higher luminosity
distances and correspondingly more face-on inclination
values. They are also consistent with the limits reported
in previous studies using afterglow measurements [108]
and combined GW and EM constraints [104, 109, 110] to
infer the inclination of the binary.

B. Masses

Owing to its low mass, most of the SNR for GW170817
comes from the inspiral phase, while the merger and
post-merger phases happen at frequencies above 1 kHz,
where LIGO and Virgo are less sensitive (Fig. 1). This
is di↵erent than the BBH systems detected so far,
e.g. GW150914 [111–114] or GW170814 [52]. The inspiral
phase evolution of a compact binary coalescence can be
written as a PN expansion, a power series in v/c, where v

is the characteristic velocity within the system [87]. The
intrinsic parameters on which the system depends enter
the expansion at di↵erent PN orders. Generally speak-
ing, parameters which enter at lower orders have a large
impact on the phase evolution, and are thus easier to
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FIG. 5. 90% credible regions for component masses using
the four waveform models for the high-spin prior (top) and
low-spin prior (bottom). The true thickness of the contour,
determined by the uncertainty in the chirp mass, is too small
to show. The points mark the edge of the 90% credible re-
gions. 1-D marginal distributions have been renormalized to
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measure using the inspiral portion of the signal.

The chirp mass M enters the phase evolution at the
lowest order, thus we expect it to be the best-constrained
among the source parameters [32, 80, 92, 93]. The mass
ratio q, and consequently the component masses, are in-
stead harder to measure due to two main factors: 1)
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Large spin
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Figure 9 shows the same quantities as Fig. 8 using the
low-spin prior. In this case we primarily constrain the
spins to lie in or above the orbital plane at the refer-
ence frequency. This is consistent with the inferences
on �e↵ , which rule out large negative values of �e↵ but
whose upper bounds are controlled by the prior distri-
bution. Meanwhile, for �p the upper 90th percentile is
at 0.04, which is nearly unchanged between the prior and
posterior distributions. The inability to place strong con-
straints on precession is consistent with an analysis re-
ported in [3] using a precessing model which neglects tidal
e↵ects [72].

D. Tidal parameters

In the post-Newtonian formalism, matter e↵ects for
non-spinning objects first enter the waveform phase at
5PN order through the tidally induced quadrupolar (` =
2) deformation [133]. The amount of deformation is de-
scribed by the dimensionless tidal deformability of each
NS, defined by ⇤ = (2/3)k2[(c2

/G)(R/m)]5, where k2 is
the dimensionless ` = 2 Love number and R is the NS
radius. These quantities depend on the NS mass m and
EOS. For spinning NSs, matter e↵ects also enter at 2PN
due to the spin-induced quadrupole moment as discussed
in Sec. II C, and of the models considered here only Phe-
nomPNRT implements this e↵ect.

We show marginalized posteriors for the tidal param-
eters ⇤1 and ⇤2 in Fig. 10 for the four waveform mod-
els. For TaylorF2, the results in this work are in general
agreement with the values reported in the detection pa-
per that also used the TaylorF2 model [3]. However, here
we used a lower starting frequency of 23 Hz instead of
30 Hz, resulting in upper bounds on ⇤1 and ⇤2 that are
⇠ 10% (for the high-spin prior) and ⇠ 20% (for the low-
spin prior) smaller than in [3]. This improvement occurs
because, although most of the tidal e↵ects occur above
several hundred Hz as shown in Fig. 2, the tidal parame-
ters still have a weak correlation with the other parame-
ters. Using more low-frequency information improves the
measurement of the other parameters, and thus decreases
correlated uncertainties in the tidal parameters.

The three waveform models that use the same NR-
Tidal prescription produce nearly identical 90% upper
limits that are ⇠ 10% smaller than those of TaylorF2.
This results because the tidal e↵ect for these models
is larger than for TaylorF2 as shown in Fig. 2, so the
tidal parameters that best fit the data will be smaller to
compensate. Including precession and the spin-induced
quadrupole moment in the PhenomPNRT model does
not noticeably change the results for the tidal parameters
compared to the other two models with the NRTidal pre-
scription. Overall, as already found in [3] the NRTidal
models have 90% upper limits that are ⇠ 20%–30% lower
than the TaylorF2 results presented.

For reference, we also show ⇤1–⇤2 contours for a rep-
resentative subset of theoretical EOS models that span
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FIG. 8. Top: Inferred spin parameters using the PhenomP-
NRT model, in the high-spin case where the dimensionless
component spin magnitudes � < 0.89. Plotted are the proba-
bility densities for the dimensionless spin components �1 and
�2 relative to the orbital angular momentum L, plotted at the
reference gravitational wave frequency of f = 100 Hz. A tilt
angle of 0� indicates alignment with L. Each pixel has equal
prior probability. Bottom: The posterior for the precession
parameter �p, plotted together with its prior distribution, also
plotted at the reference frequency of f = 100 Hz. The vertical
lines represent the 90th percentile for each distribution.

the range of plausible tidal parameters using piecewise-
polytrope fits from [134].2 The values of ⇤1 and ⇤2 are
calculated using the samples for the source-frame masses
m1 and m2 contained in the 90% credible region for Phe-
nomPNRT. The widths of these bands are determined

2 Reference [3] connected these high-density EOS fits to a sin-
gle, low-density polytrope. Here, we use the 4-piece low-density
polytrope fit described in [134]. The choice of low-density EOS
can change the curves shown here by ⇠ 5%.
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Figure 9 shows the same quantities as Fig. 8 using the
low-spin prior. In this case we primarily constrain the
spins to lie in or above the orbital plane at the refer-
ence frequency. This is consistent with the inferences
on �e↵ , which rule out large negative values of �e↵ but
whose upper bounds are controlled by the prior distri-
bution. Meanwhile, for �p the upper 90th percentile is
at 0.04, which is nearly unchanged between the prior and
posterior distributions. The inability to place strong con-
straints on precession is consistent with an analysis re-
ported in [3] using a precessing model which neglects tidal
e↵ects [72].

D. Tidal parameters

In the post-Newtonian formalism, matter e↵ects for
non-spinning objects first enter the waveform phase at
5PN order through the tidally induced quadrupolar (` =
2) deformation [133]. The amount of deformation is de-
scribed by the dimensionless tidal deformability of each
NS, defined by ⇤ = (2/3)k2[(c2

/G)(R/m)]5, where k2 is
the dimensionless ` = 2 Love number and R is the NS
radius. These quantities depend on the NS mass m and
EOS. For spinning NSs, matter e↵ects also enter at 2PN
due to the spin-induced quadrupole moment as discussed
in Sec. II C, and of the models considered here only Phe-
nomPNRT implements this e↵ect.

We show marginalized posteriors for the tidal param-
eters ⇤1 and ⇤2 in Fig. 10 for the four waveform mod-
els. For TaylorF2, the results in this work are in general
agreement with the values reported in the detection pa-
per that also used the TaylorF2 model [3]. However, here
we used a lower starting frequency of 23 Hz instead of
30 Hz, resulting in upper bounds on ⇤1 and ⇤2 that are
⇠ 10% (for the high-spin prior) and ⇠ 20% (for the low-
spin prior) smaller than in [3]. This improvement occurs
because, although most of the tidal e↵ects occur above
several hundred Hz as shown in Fig. 2, the tidal parame-
ters still have a weak correlation with the other parame-
ters. Using more low-frequency information improves the
measurement of the other parameters, and thus decreases
correlated uncertainties in the tidal parameters.

The three waveform models that use the same NR-
Tidal prescription produce nearly identical 90% upper
limits that are ⇠ 10% smaller than those of TaylorF2.
This results because the tidal e↵ect for these models
is larger than for TaylorF2 as shown in Fig. 2, so the
tidal parameters that best fit the data will be smaller to
compensate. Including precession and the spin-induced
quadrupole moment in the PhenomPNRT model does
not noticeably change the results for the tidal parameters
compared to the other two models with the NRTidal pre-
scription. Overall, as already found in [3] the NRTidal
models have 90% upper limits that are ⇠ 20%–30% lower
than the TaylorF2 results presented.

For reference, we also show ⇤1–⇤2 contours for a rep-
resentative subset of theoretical EOS models that span
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calculated using the samples for the source-frame masses
m1 and m2 contained in the 90% credible region for Phe-
nomPNRT. The widths of these bands are determined

2 Reference [3] connected these high-density EOS fits to a sin-
gle, low-density polytrope. Here, we use the 4-piece low-density
polytrope fit described in [134]. The choice of low-density EOS
can change the curves shown here by ⇠ 5%.
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using the high-spin prior (top) and low-spin prior (bottom).
The four waveform models used are TaylorF2, PhenomDNRT,
PhenomPNRT, and SEOBNRT.

�p and the individual spins are extracted. For the pre-
cessing waveform PhenomPNRT used in this work, we
use 100 Hz.

As discussed previously we use two choices for priors on
component spins, a prior which allows for high spins (� 
0.89) and one which restricts to lower spin magnitudes
(�  0.05). The choice of prior has a strong impact on
our spin inferences, which in turn influences the inferred
component masses through the q–�e↵ degeneracy.

Figure 6 shows the marginalized posterior probabil-
ity distributions for �e↵ from the four waveform mod-
els, along with the high-spin and low-spin priors. For
the high-spin case we find that negative values of �e↵

are mostly excluded for all of the models, although small
negative �e↵ and negligible values are still allowed. Large
values of �e↵ are also excluded, and the 90% credi-
ble interval for PhenomPNRT is �e↵ 2 (�0.00, 0.10).
The uncertainty in �e↵ is reduced by nearly a factor of
two as compared with the more conservative constraint
�e↵ 2 (�0.01, 0.17) reported in [3] for this prior, and
remains consistent with negligibly small spins. For the
low-spin prior, the constraints on negative values of �e↵

are nearly identical, but in this case the upper end of the
�e↵ marginal posterior is shaped by the prior distribu-

FIG. 7. Marginalized two-dimensional posteriors for the ef-
fective spin �e↵ and mass ratio q using the PhenomPNRT
model for the high-spin prior (blue) and low-spin prior (or-
ange). The 50% (dashed) and 90% (solid) credible regions are
shown for the joint posterior. The 90% credible interval for
�e↵ is shown by vertical lines and the 90% lower limit for q
is shown by horizontal lines. 1-D marginal distributions have
been renormalized to have equal maxima.

tion. The 90% credible interval in the low-spin case for
PhenomPNRT is �e↵ 2 (�0.01, 0.02), which is the same
range as reported in [3] for the low-spin case.

Figure 7 shows two-dimensional marginalized pos-
teriors for q and �e↵ for PhenomPNRT, illustrating
the degeneracy between these parameters. The two-
dimensional posterior distributions are truncated at the
boundary q = 1, and when combined with the degeneracy
this causes a positive skew in the marginalized �e↵ poste-
riors, as seen in Fig. 6 [132]. Compared to the high-spin
priors, the low-spin prior on �e↵ cuts o↵ smaller values
of q, favoring nearly equal-mass systems.

While all of the models provide constraints on the ef-
fective spin, only the PhenomPNRT model provides con-
straints on the spin-precession of the binary. The top
panel of Fig. 8 shows the inferred component spin magni-
tudes and orientations for the high-spin case. In the high-
spin case, Fig. 8 shows that we rule out large spin compo-
nents aligned or anti-aligned with L, but the constraints
on in-plane spin components are weaker. As such, we
can only rule out large values for the e↵ective precession
parameter �p, as seen in the bottom panel of Fig 8, with
the upper 90th percentile at 0.53. Nevertheless, in this
case we can place bounds on the magnitudes of the com-
ponent spins; we find that the 90% upper bounds are
�1  0.50 and �2  0.61, still well above the range of
spins inferred for Galactic binary neutron stars.
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Beyond Black Holes
• Black Holes are vacuum solutions of field equations,   Tµν=0 

• Schwarzschild or Kerr metrics 

• Material bodies (e.g. stars) have internal stress-energy 

• Need to solve coupled matter and gravity in hydrostatic 
equilibrium: Tolman-Oppenheimer-Volkoff Equation  

• Requires solving for P(r), ⍴(r), m(r), but have only two 
equations 

• Need equation of state P(⍴(r),T) to know relation between 
pressure and density and find internal structure of star

Rμν −
1
2

Rgμν =
8πG
c4

Tμν

Hence, equation (4.39) simplifies to

(⇢+ P )(ur);tu
t +

dP

dr
grr = 0 (4.40)

The covariant derivative of ur is given by

ur
;t = ur

,t + �r
tju

j (4.41)

The first term is zero and only the j ⌘ t contravariant component of the four velocity

is non-zero, so that

ur
;t = �r

ttu
t =

1

2
⌫ 0e⌫��e�⌫/2 =

1

2
e��⌫ 0e⌫/2 (4.42)

Substituting in equation (4.40) finally yields the di↵erential equation

1

2
(⇢+ P )e��d⌫

dr
+ e��dP

dr
= 0 (4.43)

or

d⌫

dr
= � 2

(⇢+ P )

dP

dr
(4.44)

We can use equation (4.44) to eliminate ⌫ 0 from equation (4.35), giving

dP

dr
= �(⇢+ P )(4⇡Pr3 +m)

r(r � 2m)
(4.45)

Equation (4.45) is known as the Oppenheimer-Volko↵ equation and is the General

Relativistic equivalent of the Newtonian equation of hydrostatic equilibrium. We can

see this by considering the weak-field limit of the Oppenheimer-Volko↵ equation, taking

P << ⇢, which in turn implies that 4⇡Pr3 << m. Moreover, since the weak-field metric

must be nearly flat, it follows that m << r, and equation (4.45) simplifies to

dP

dr
= �⇢m

r2
(4.46)

which is identical in form to the Newtonian hydrostatic equilibrium equation.
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dP

dr
= �(⇢+ P )(4⇡Pr3 +m)

r(r � 2m)
(4.45)

Equation (4.45) is known as the Oppenheimer-Volko↵ equation and is the General

Relativistic equivalent of the Newtonian equation of hydrostatic equilibrium. We can

see this by considering the weak-field limit of the Oppenheimer-Volko↵ equation, taking

P << ⇢, which in turn implies that 4⇡Pr3 << m. Moreover, since the weak-field metric

must be nearly flat, it follows that m << r, and equation (4.45) simplifies to

dP

dr
= �⇢m

r2
(4.46)

which is identical in form to the Newtonian hydrostatic equilibrium equation.
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Integrating equations (4.31)

r(1� e��) = 2m+ C (4.32)

where C is a constant, which is equal to zero unless the star is singular at r = 0. We

will consider such a case later in the chapter on Black Holes. Thus

e�� = 1� 2m

r
(4.33)

This is, of course, reminiscent of the equation (2.38) which we derived for the Schwarzschild

metric exterior to the star. In that case, however, we identified the constant, M , as

the total mass of the star, from considering the Newtonian far-field limit in which the

Schwarzschild metric reduces to that of Minkowski spacetime. In the case of the inte-

rior metric, we must remember that m is not a constant but an (as yet unspecified)

function of the coordinate radius, r.

4.5 The Oppenheimer-Volko↵ equation

Re-arranging equation (4.27) we obtain, after some straightforward algebra

d⌫

dr
= e�


8⇡Pr +

1

r

⇣
1� e��

⌘�
(4.34)

Substituting from equation (4.33) this reduces to

d⌫

dr
=

✓
1� 2m

r

◆�1 
8⇡Pr +

2m

r2

�
= 2

"
4⇡Pr3 +m

r(r � 2m)

#

(4.35)

Rather than attempting to re-arrange the third Einstein equation (4.28), which is rather

messy in form, we can use the conservation of mass-energy to obtain a di↵erential

equation for the function ⌫.
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from 2nd Einstein equation 
from conservation of 

mass-energy

prime is a 
derivative wrt r

think in geometric units - 
everything is a distance

dm
dr

= 4πr2ρ
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Tidal Deformability
• A material body mass m is 

deformed by an external tidal field  

• Acquires a quadrupole 

• tidal deformability (polarizability) 
parameter 

• k2 and R are L=2 Love Number 
and NS radius, both functions of 
mass and EOS

Neutron Star

✏ij
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What’s inside a neutron star?
• Neutron stars are 

supported by 
neutron 
degeneracy press 

• T << TFermi (for old 
NSs). Use zero-
temperature limit 

• Phase transition at 
high density to 
strange quark 
matter?
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Realistic EOSs
• Large nuclei have densities 

~2.7x1014 g/cm3, or n0=0.16 
nucleons/fm3 

• For Neutron Stars, relevant 
densities are  ~0.5-2 n0 

• Existing constraints from 
symmetric nuclear matter, 
chiral EFT, causality (sound 
speed < c) 

• n.b. other astrophysical 
observations will contribute 
(e.g. NICER) in coming years
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Figure 3. (color online) Regions of the neutron star. The
upper three wedges represent a cross-section of M = 2M�,
M = 1.4M�, and M = 1M� neutron stars respectively. As
discussed in the text, the unified eos smoothly connects four
distinct regions from low density on the left to high density on
the right. The radius of these transitions for the Central pa-
rameter values is shown in the top plot. These are connected to
the equation of state expressed in terms of the pressure P(nB)
(solid (black) line on left axis) as a function of the total baryon
density in units of the saturation density n0 = 0.16 fm−3. From
low to high density, the regions of the eos are: a) the outer
crust (very low density which is too small to see on the lower
plot) that interpolates the data of [29] and [30] as tabulated
in [31] (blue) with minor corrections to ensure convexity as
discussed in [20]; b) the inner crust modeled by the cldm [32]
(orange); c) the outer core of homogeneous nuclear matter in
beta-equilibrium (green); d) the inner core equation of state
parameterized by a quadratic speed of sound (red). At the
right, the various (red) dashed lines correspond to the core
density of the respective stars. At the bottom are correspond-
ing dashed curves (purple) proportional to Er7 (normalized to
the maximum value on the right axis) for the two lower-mass
stars. This roughly correlates with the local contribution to the
dimensionless tidal deformability [33].

III. PARAMETERIZATION OF THE NUCLEAR
EQUATION OF STATE

To relate the nuclear equation of state to the struc-
ture of neutron stars, we must first characterized the
equation of state (eos) of nuclear matter. This is conve-
niently parameterized by the energy density E(nB) as a
function of the baryon number density nB = nn + np,

which is the sum of the neutron and proton number den-
sities. Simple approximation for this function in terms
of polytropes are often a starting point for astrophysical
analysis. Indeed, many families of nuclear eos can be
characterized quite well by a simple set of piecewise
polytropes [34].

Our approach here, however, is to directly express
E(nB) in terms of nuclear physics parameters. This ap-
proach allows one to directly assess how observations
translate into constraints on nuclear physics. We shall
demonstrate this by providing constraints on the pres-
sure of pure neutron matter Pn(nn), which is inaccessi-
ble from a general polytropic analysis (Fig. 1).

It is useful to divide the neutron star interior into
four regions: the outer crust, the inner crust, the outer
core, and the inner core. The radial extent of the outer
crust, which is composed neutron-rich nuclei embed-
ded in a electron gas, is only a few hundred meters
and its contribution to the neutron star mass is negligi-
ble. The eos of the outer crust is well understood and
depends weakly on the composition of nuclei present.
The inner crust extends from n = ndrip ' 2 ⇥ 10−3n0

to n = ncore ' 2n0, has radial thickness ⇠ SI2km, and
contains a modest fraction of the mass. Here, exotic
neutron-rich nuclei are embedded in a dense liquid of
neutrons and electrons, as described by the compress-
ible liquid-drop model (cldm) in section III A. The outer
core is a liquid composed primarily of neutrons and a
small (few percent) admixture of protons, electrons, and
muons. It extends from n ⇠ 0.5n0 to n = nc ⇠ 2n0 where
the description of matter in terms of nucleons interact-
ing with static potentials is expected to break down. The
inner core extends to higher densities, and we switch
here to the speed-of-sound parameterization discussed
in section III C.

On dimensional grounds one expects the dimension-
less tidal deformability ⇤ to be related to

RR
0 Erndr =

hErni with n ⇠ 7 for M ⇠ 1.4M� [33]. Although the eos
around intermediate densities dominates the 7th mo-
ment of energy distribution for massive neutron stars,
the inner crust also makes a large contribution to ⇤ for
low-mass stars (which are believed to be more common
in binary neutron star systems). This contribution is
shown by the dashed (purple) lines at the bottom of
Fig. 3. Thus, it is important to provide a unified de-
scription of the eos of the inner crust and the outer
core in any analysis that aims to constrain the eos using
gravitational wave observations of binary neutron stars.

A. Compressible Liquid Drop Model

The compressible liquid-drop model (cldm) (see [32])
provides a unified eos connecting a fixed outer crust
for ⇢ < ⇢drip (for which we use the data in Table 4
of [31]) to the inner core eos. In the inner crust, the
cldm constructs spherical nuclei in a spherical Wigner-

[McNeil Forbes+ 1904.04233]

contribution to
deformability 𝛬

EOS
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Effect on gravitational waveform
• Tidal-induced quadrupole changes energy and luminosity 

functions for GW inspiral [Wade+ 1402.5156] 

• Effect is a frequency-dependent phase-lag in the overall 
inspiral Post-Newtonian waveform 

•     “chirp-lambda” easiest parameter to constrain from inspiral 

• EOS also affects tidal disruption, quadrupole-monopole 
coupling, quantity of ejecta and stability of remnant 
(hypermassive neutron star?)

3

companion. For a single NS, to leading order in the quasi-
stationary approximation and ignoring resonance,

Qij = ��Eij , (1)

where � = (2/3)k2R5/G parameterizes the amount that
a NS deforms [10]. The i and j are spatial tensor indices,
k2 is the second Love number, and R is the NS’s radius.
Since � parameterizes the severity of a NS’s deformation
under a given tidal field, it must depend on the NS EOS.
NSs with large radii will more easily be deformed by the
external tidal field, because there will be a more extreme
gravitational gradient over their radius. For a fixed mass,
NSs with large radii are also referred to as having a sti↵
EOS, and, for the same mass, NSs with small radii have
a soft EOS. Therefore, NSs that have large values of �

will have large radii, a sti↵ EOS, and become severely
deformed in BNS systems; on the other hand, NSs that
have small values of � will have small radii, a soft EOS,
and will be less severely deformed in these systems.

Tidal e↵ects are most important at small separations
and therefore at high frequencies in BNS systems. Tidal
corrections to the energy �Etidal and tidal corrections to
the luminosity �Ltidal add linearly to the point-particle
energy Epp and luminosity Lpp. Though the leading or-
der tidal correction is a Newtonian e↵ect, it is often re-
ferred to as a 5PN correction, because it appears at 5PN
order relative to the leading order point-particle term. In
this work, we keep the leading order (5PN) and next-to-
leading order (6PN) corrections to the energy and lumi-
nosity [28]:
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1

2
c2M⌘x


�

✓
9

�1

� 9

◆
c10

G4

�1
M5

x5
�

✓
33

2�1

�
11

2
+

11

2
�1 �

33

2
�2

1

◆
c10

G4

�1
M5

x6 + (1 ! 2)

�
(2)

�Ltidal =
32

5

c5

G
⌘2x5

✓
18

�1

� 12

◆
c10

G4

�1
M5

x5
�

✓
176

7�1

+
1803

28
�

643

4
�1 +

155

2
�2

1

◆
c10

G4

�1
M5

x6 + (1 ! 2)

�
. (3)

The total mass isM = m1+m2, wherem1 andm2 are the
component masses, ⌘ = m1m2/M2 is the symmetric mass
ratio, x = (⇡GMfgw/c3)2/3 is the PN expansion parame-
ter, fgw = 2forb is the GW frequency, forb is the binary’s
orbital frequency, and �1 = m1/M and �2 = m2/M are
the two mass fractions. Note that the PN order is la-
belled by the exponent on x inside the square brackets,
which is why these terms are referred to as 5PN and 6PN
corrections. Since the 5PN and 6PN tidal correction co-
e�cients multiply x5 and x6 respectively, these e↵ects
will be insignificant at low frequencies and increasingly

more significant at higher frequencies (x ⇠ f2/3
orb

), as an-
ticipated. Appendix A derives each tidally corrected PN
waveform family from Eqs. (2) and (3).

The point-particle energy and luminosity are only
known to 3.5PN order [14]. However, we add tidal cor-
rections to the energy and luminosity that appear at 5PN
and 6PN orders without knowing the higher order point-
particle terms. The justification for including the tidal
corrections has typically been that they are always as-
sociated with the large coe�cient G�A[c2/(GmA)]5 ⇠
[c2RA/(GmA)]5 ⇠ 105 [10]. Therefore, although they
appear at high PN orders, the e↵ect of the tidal terms
on the binary’s orbit are comparable to the e↵ects of the

3PN and 3.5PN point-particle terms. However, this claim
was contradicted in [24] because the tidal corrections are
actually associated with the coe�cient [c2R/(GM)]5 ⇠
103 ⌧ [c2RA/(GmA)]5, which is apparent from the form
of Eqs. (2) and (3). We show in Sec. VA that not know-
ing the higher order PN point-particle terms leads to sig-
nificant systematic error when recovering tidal param-
eters. Yagi and Yunes in [24] and Favata in [25] also
discuss the importance of these unknown point-particle
terms.

B. Reparameterization of tidal parameters

It becomes convenient to reparameterize the tidal pa-
rameters (�1,�2) in terms of purely dimensionless pa-
rameters, which we call (⇤̃, �⇤̃) [25]. Inspired by the �̃
from [10], ⇤̃ = 32G�̃[c2/(GM)]5 is essentially the entire
5PN tidal correction in all of the PN waveform families,
while the 6PN tidal correction is a linear combination of
⇤̃ and �⇤̃. For example, the tidal corrections to the Tay-
lorF2 phase later derived in Eq. (A26) of Appendix A
can equivalently be expressed as follows:
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companion. For a single NS, to leading order in the quasi-
stationary approximation and ignoring resonance,
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where � = (2/3)k2R5/G parameterizes the amount that
a NS deforms [10]. The i and j are spatial tensor indices,
k2 is the second Love number, and R is the NS’s radius.
Since � parameterizes the severity of a NS’s deformation
under a given tidal field, it must depend on the NS EOS.
NSs with large radii will more easily be deformed by the
external tidal field, because there will be a more extreme
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have small values of � will have small radii, a soft EOS,
and will be less severely deformed in these systems.
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and therefore at high frequencies in BNS systems. Tidal
corrections to the energy �Etidal and tidal corrections to
the luminosity �Ltidal add linearly to the point-particle
energy Epp and luminosity Lpp. Though the leading or-
der tidal correction is a Newtonian e↵ect, it is often re-
ferred to as a 5PN correction, because it appears at 5PN
order relative to the leading order point-particle term. In
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The total mass isM = m1+m2, wherem1 andm2 are the
component masses, ⌘ = m1m2/M2 is the symmetric mass
ratio, x = (⇡GMfgw/c3)2/3 is the PN expansion parame-
ter, fgw = 2forb is the GW frequency, forb is the binary’s
orbital frequency, and �1 = m1/M and �2 = m2/M are
the two mass fractions. Note that the PN order is la-
belled by the exponent on x inside the square brackets,
which is why these terms are referred to as 5PN and 6PN
corrections. Since the 5PN and 6PN tidal correction co-
e�cients multiply x5 and x6 respectively, these e↵ects
will be insignificant at low frequencies and increasingly

more significant at higher frequencies (x ⇠ f2/3
orb

), as an-
ticipated. Appendix A derives each tidally corrected PN
waveform family from Eqs. (2) and (3).

The point-particle energy and luminosity are only
known to 3.5PN order [14]. However, we add tidal cor-
rections to the energy and luminosity that appear at 5PN
and 6PN orders without knowing the higher order point-
particle terms. The justification for including the tidal
corrections has typically been that they are always as-
sociated with the large coe�cient G�A[c2/(GmA)]5 ⇠
[c2RA/(GmA)]5 ⇠ 105 [10]. Therefore, although they
appear at high PN orders, the e↵ect of the tidal terms
on the binary’s orbit are comparable to the e↵ects of the

3PN and 3.5PN point-particle terms. However, this claim
was contradicted in [24] because the tidal corrections are
actually associated with the coe�cient [c2R/(GM)]5 ⇠
103 ⌧ [c2RA/(GmA)]5, which is apparent from the form
of Eqs. (2) and (3). We show in Sec. VA that not know-
ing the higher order PN point-particle terms leads to sig-
nificant systematic error when recovering tidal param-
eters. Yagi and Yunes in [24] and Favata in [25] also
discuss the importance of these unknown point-particle
terms.

B. Reparameterization of tidal parameters

It becomes convenient to reparameterize the tidal pa-
rameters (�1,�2) in terms of purely dimensionless pa-
rameters, which we call (⇤̃, �⇤̃) [25]. Inspired by the �̃
from [10], ⇤̃ = 32G�̃[c2/(GM)]5 is essentially the entire
5PN tidal correction in all of the PN waveform families,
while the 6PN tidal correction is a linear combination of
⇤̃ and �⇤̃. For example, the tidal corrections to the Tay-
lorF2 phase later derived in Eq. (A26) of Appendix A
can equivalently be expressed as follows:
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The dimensionless parameters ⇤1 = G�1[c2/(Gm1)]5

and ⇤2 = G�2[c2/(Gm2)]5, and we have assumed that
m1 > m2. Though we choose to express ⇤̃ and �⇤̃ in
terms of dimensionless parameters as in Eqs. (5) and (6),
they can be equivalently expressed more compactly in
terms of dimensionful parameters, as can be inferred from
Eq. (A26). The parameters (⇤̃, �⇤̃) were chosen such that
they have the following convenient properties:

⇤̃(⌘ = 1/4,⇤1 = ⇤2 = ⇤) = ⇤ (7)

�⇤̃(⌘ = 1/4,⇤1 = ⇤2 = ⇤) = 0. (8)

Setting ⌘ = 1/4 implies that m1 = m2. Since all
NSs have the same EOS, NSs with the same mass will
also have the same value for ⇤. We have over-specified
Eqs. (7) and (8) for clarity. We refer to ⇤̃ as the tidal
deformability of a BNS system throughout this work. For
more details regarding this reparameterization, see [25].2

III. MEASURABILITY OF TIDAL INFLUENCE

In this work, we use lalinference_mcmc to run full
Bayesian simulations for our parameter estimation in-
vestigation into the measurability of tidal deformability.
lalinference_mcmc uses an MCMC sampling algorithm
to calculate the posterior probability density function
(PDF) of a detected CBC signal. The algorithm is de-
signed to e�ciently explore a multi-dimensional param-
eter space in such a way that the density of parameter
samples is a good approximation to the underlying pos-
terior distribution. In this section, we briefly outline the
algorithm used by lalinference_mcmc. For a more com-
prehensive overview, we refer the reader to Refs. [7–9].

A. MCMC overview

A true GW signal will be buried in detector noise.
Given a GW detection, the data stream segment d(t)
will have the following form in the time-domain:

d(t) = h(t) + n(t). (9)

2 Note that, relative to [25], we have pulled out a factor of
p
1� 4⌘

from our definition of �⇤̃ to allow for nonzero values of �⇤̃ when
⌘ = 1/4. This distinction enables the MCMC algorithm to fully
explore the �⇤̃ parameter space even for equal mass systems.

The detector noise is denoted n(t) while the pure GW sig-
nal is denoted h(t). Since no GWs have yet been detected
by ground-based interferometers, our studies require sim-
ulated signals. It is therefore customary to inject a mod-
eled signal with chosen parameters into synthetic noise.

To determine the physical properties of a CBC system,
we seek to map out the functional form of the posterior
probability distribution (posterior for short) of its param-

eters. Bayes’ theorem relates the posterior p(~✓|d,m) for

a set of parameters ~✓ given a model m and data stream
segment d(t) to the prior probability distribution (prior

for short) and the likelihood p(d|~✓,m):

p(~✓|d,m) =
p(~✓|m)p(d|~✓,m)

p(d|m)
(10)

/ p(~✓|m)L(d|~✓,m). (11)

The notation p(a|b) means the probability density of a
given b. The posterior is the probability that the GW
source modeled by m that produced the data stream seg-
ment d(t) has the physical properties ~✓. The prior p(~✓|m)
is the a priori probability that the system modeled by m
has the physical properties ~✓. The prior reflects every-
thing that we know about the physical properties of any
CBC system before attempting to determine the parame-
ters of a specific source. The evidence p(d|m) is the prob-
ability of observing the data stream segment d(t) with the
model m. The evidence is a normalization factor that
can be used to compare how well di↵erent models would
produce the data. The likelihood L(d|~✓,m) = p(d|~✓,m)
is the probability of observing the data stream segment
d(t) assuming the system that produced it is modeled

by m and has the physical properties ~✓. The likelihood
is a measure of how well the model m with parameters
~✓ matches the data stream segment d(t). Assuming the
noise is stationary and Gaussian, the functional form of
the likelihood when using a single detector is [29, 30]

Ldet(d|~✓,m) / exp

2

64�2

Z 1

0

���d̃det(f) � m̃(f, ~✓)
���
2

Sdet(f)
df

3

75 .

(12)
Sdet(f) is the one-sided noise power spectral density
(PSD), d̃det(f) is the Fourier transform of the detector

data stream segment, and m̃(f, ~✓) is a frequency-domain
model for the waveform. When using a network of GW

⇤̃
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3

neglects GW dissipation, because Qij and Eij are defined
in the star’s local asymptotic rest frame [19].
Using the action (5), adding the leading order, Burke-

Thorne GW dissipation terms, and defining the total
quadrupole QT

ij = Qij + µxixj − µr2δij/3 with Qij =
ΣnQn

ij , gives the equations of motion

ẍi +
M

r2
ni =

m2

2µ
Qjk∂i∂j∂k

1

r
−

2

5
xj

d5QT
ij

dt5
, (6a)

Q̈n
ij + ω2

nQ
n
ij = m2λ1,nω

2
n∂i∂j

1

r
−

2

5
λ1,nω

2
n

d5QT
ij

dt5
.(6b)

By repeatedly differentiating QT
ij and eliminating second

order time derivative terms using the conservative parts
of Eqs. (6), we can express d5QT

ij/dt
5 in terms of xi, ẋi,

Qn
ij and Q̇n

ij and obtain a second order set of equations;
this casts Eqs. (6) into a numerically integrable form.
When GW damping is neglected, there exist equi-

librium solutions with r = const, Φ = Φ0 + ωt for
which QT

ij is static in the rotating frame. Working to

leading order in λ1,n, we have QT
11 = Q′ + Q cos(2Φ),

QT
22 = Q′ − Q cos(2Φ), QT

12 = Q sin(2Φ), QT
33 = −2Q′,

where

Q =
1

2
µr2 +

!

n

3m2λ1,n

2(1− 4x2
n)r3

, Q′ =
1

6
µr2 +

!

n

m2λ1,n

2r3

(7)
and xn = ω/ωn. Substituting these solutions back
into the action (5), and into the quadrupole formula

Ė = − 1
5
⟨
...
Q

T

ij

...
Q

T

ij⟩ for the GW damping, provides an effec-
tive description of the orbital dynamics for quasicircular
inspirals in the adiabatic limit. We obtain for the orbital
radius, energy and energy time derivative

r(ω) = M1/3ω−2/3

"

1 +
3

4

!

n

χng1(xn)

#

, (8a)

E(ω) = −
µ

2
(Mω)2/3

"

1−
9

4

!

n

χng2(xn)

#

, (8b)

Ė(ω) = −
32

5
M4/3µ2ω10/3

"

1 + 6
!

n

χng3(xn)

#

, (8c)

where χn = m2λ1,nω10/3m−1
1 M−5/3, g1(x) = 1 +

3/(1 − 4x2), g2(x) = 1 + (3 − 4x2)(1 − 4x2)−2, and
g3(x) = (M/m2 + 2 − 2x2)/(1 − 4x2). Using the for-
mula d2Ψ/dω2 = 2 (dE/dω) /Ė for the phase Ψ(f) of the
Fourier transform of the GW signal at GW frequency
f = ω/π [25] now gives for the tidal phase correction

δΨ(f) = −
15m2

2

16µ2M5

!

n

λ1,n

$ v

vi

dv′v′
%

v3 − v′3
&

g4(x
′
n),

g4(x) =
2M

m2(1− 4x2)
+

22− 117x2 + 348x4 − 352x6

(1− 4x2)3
.

(9)

FIG. 2: [Top] Analytic approximation (10) to the tidal pertur-
bation to the gravitational wave phase for two identical 1.4M⊙

neutron stars of radius R = 15 km, modeled as n = 1.0 poly-
tropes, as a function of gravitational wave frequency f . [Bot-
tom] A comparison of different approximations to the tidal
phase perturbation: the numerical solution (lower dashed,
green curve) to the system (6), and the adiabatic analytic
approximation (9) (upper dashed, blue), both in the limit
(11) and divided by the leading order approximation (10).

Here v = (πMf)1/3, vi is an arbitrary constant related
to the initial time and phase of the waveform, and x′

n =
(v′)3/(Mωn). In the limit ω ≪ ωn assumed in most
previous analyses [8, 9, 11, 12], we get

δΨ = −
9

16

v5

µM4

'(

11
m2

m1

+
M

m1

)

λ1 + 1 ↔ 2

*

, (10)

which depends on internal structure only through λ1 and
λ2. Here we have added the contribution from star 2.
The phase (10) is formally of post-5-Newtonian (P5N)
order, but it is larger than the point-particle P5N terms
(which are currently unknown) by ∼ (R/M)5 ∼ 105.

Accuracy of Model: We will analyze the information con-
tained in the portion of the signal before f = 400Hz.
This frequency was chosen to be at least 20% smaller
than the frequency of the innermost stable circular orbit
[24] for a conservatively large polytropic NS model with
n = 1.0, M = 1.4M⊙, and R = 19 km. We now argue
that in this frequency band, the simple model (10) of the
phase correction is sufficiently accurate for our purposes.
We consider six types of corrections to (10). For

each correction, we estimate its numerical value at the
frequency f = 400 Hz for a binary of two identical
m = 1.4M⊙, R = 15, n = 1.0 stars: (i) Corrections
due to modes with l ≥ 3 which are excited by higher or-
der tidal tensors Eijk, . . .. The l = 3 correction to E(ω),
computed using the above methods in the low frequency
limit, is smaller than the l = 2 contribution by a factor
of 65k3R2/(45k2r2), where k2, k3 are apsidal constants.
For Newtonian polytropes we have k2 = 0.26, k3 = 0.106
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Approximating Equations of State
• Actual equations of state are complicated 

functions of microphysical parameters. 

• Capture them as a parameterised family of 
approximations: 

• Piecewise Polytrope [e.g. Read+ PRD 79 
(2008)]: connect parts between phase 
transitions with polytropic EOS fits 

• Spectral decomposition [e.g. Lindblom PRD 
82 (2010)]: expand pressure or enthalpy 
in Chebyshev polynomial basis 

• Both these methods can approximate 
realistic range of EOS

shown in Fig. 2. For this four-parameter EOS, best-fit
parameters for each candidate EOS give a residual of
0.043 or better, with the average residual over 34 candidate
EOSs of 0.013. Note that the density of departure from the
fixed low-density EOS is still a fitted parameter for this
scheme.

The dividing densities for our parametrized EOS were
chosen by minimizing the rms residuals over the set of 34
candidate EOSs. For two dividing densities, this is a two-
dimensional minimization problem, which was solved by

alternating between minimizing average rms residual for
upper or lower density while holding the other density
fixed. The location of the best dividing points is fairly
robust over the subclasses of EOSs, as illustrated in Fig. 3.
With the dividing points fixed, taking the pressure p1 to

be the pressure at !1 ¼ 1:85!nuc, is indicated by the em-
pirical work of Lattimer and Prakash [5] that finds a strong
correlation between pressure at fixed density (near this
value) and the radius of 1:4M" neutron stars. This choice

14. 14.4 14.8 15.2

33.

34.

35.

36.

37.

log in g cm3
lo

g
p

in
dy

ne
cm

2

1

2

3

p1

fixed crust

FIG. 2. The fixed-region fit is parametrized by adiabatic in-
dices f!1;!2;!3g and by the pressure p1 at the first dividing
density.

TABLE I. Average residuals resulting from fitting the set of candidate EOSs with various types of piecewise polytropes. Free fits
allow dividing densities between pieces to vary. The fixed three-piece fit uses 1014:7 g=cm3 or roughly 1:85!nuc and 1015:0 g=cm3 or
3:70!nuc for all EOSs. Tabled are the rms residuals of the best fits averaged over the set of candidates. The set of 34 candidates includes
17 candidates containing only npe" matter and 17 candidates with hyperons, pion or kaon condensates, and/or quark matter. Fits are
made to tabled points in the high-density region between 1014:3 g=cm3 or 0:74!nuc and the central density of a maximum-mass
spherical star calculated using that table.

Type of fit All npe" K=#=h=q

Mean rms residual
One free piece 0.0386 0.0285 0.0494
Two free pieces 0.0147 0.0086 0.0210
Three fixed pieces 0.0127 0.0098 0.0157
Three free pieces 0.0071 0.0056 0.0086

Standard deviation of rms residual
One free piece 0.0213 0.0161 0.0209
Two free pieces 0.0150 0.0060 0.0188
Three fixed pieces 0.0106 0.0063 0.0130
Three free pieces 0.0081 0.0039 0.0107
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0.00
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log in g cm3
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FIG. 3. Subsets of EOSs with and without kaons, hyperons,
meson condensates, or quarks, show a fairly robust choice of
dividing densities whose fit to the candidate EOSs minimizes
residual error. The mean plus 1 standard deviation of residuals
for each subset of candidate EOSs is plotted against the choice of
lower and upper dividing densities !1 and !2. The left curves
show mean residual versus !1 with !2 fixed at 10

15:0 g=cm3. The
right three curves show mean residual versus !2, with !1 fixed at
1014:7 g=cm3.

CONSTRAINTS ON A PHENOMENOLOGICALLY . . . PHYSICAL REVIEW D 79, 124032 (2009)

124032-5
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Equation(s) of State
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Figure 7
(a) A large sample of proposed EoSs calculated under different physical assumptions and using a range of computational approaches.
See the text for the descriptions of the EoSs, the acronyms, and the references. (b) The mass-radius curves corresponding to the EoSs
shown in panel a.

4.2. Constraints on the Equation of State from Low-Energy Experiments
For symmetric matter (i.e., nuclei containing roughly equal numbers of neutrons and protons)
near the nuclear saturation density, there are a range of experimental constraints. Most robustly,
two-body potentials can be inferred from nucleon–nucleon scattering data below 350 MeV and
the properties of light nuclei (Akmal et al. 1998, Morales et al. 2002).

The other significant constraints that arise from these experiments and are relevant for the NS
EoSs are often expressed in terms of the symmetry energy parameters: Sv and L (see Equations 18
and 19 in the previous section as well as the discussion in Lattimer 2012). The experiments
that yield the most accurate data and the least model-dependent results involve fitting nuclear
masses and charge radii (Klüpfel et al. 2009, Kortelainen et al. 2010). Nevertheless, the symmetry
parameters that can be extracted from such data are highly correlated, as shown in Figure 8.

Neutron-rich matter can also be probed by measuring the neutron skin thickness of heavy
nuclei. Studies within both the mean-field theory and the liquid droplet model frameworks have
shown that the neutron skin thickness, defined as the difference of their neutron and proton
root-mean-squared radii

!rnp = ⟨r2
n ⟩1/2 − ⟨r2

p ⟩1/2, (20)

is a sensitive function of Sv and L and, thus, serves as a good probe of the symmetry energy
(Centelles et al. 2009, Chen et al. 2010, Roca-Maza et al. 2011). The neutron skin thickness was
measured by a variety of experiments for ≈ 20 neutron-rich Sn isotopes with ∼ 30–50% uncertain-
ties. Chen et al. (2010) used these measurements to place additional constraints on the symmetry
energy parameters (see Figure 8). In addition, the neutron skin thickness has been determined by
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Tidal Deformability
of a black hole (m=R ¼ 0:5) regardless of the EOS-
dependent quantity y [17,18].
Normal matter EOS behave approximately as polytropes

for large compactness. However, for smaller compactness,
the softer crust becomes a greater fraction of the star, so the
star is more centrally condensed and k2 smaller. For strange
quark matter, the EOS is extremely stiff near the minimum
density, and the star behaves approximately as an n ¼ 0
polytrope for small compactness. As the central density
and compactness increase, the softer part of the EOS has
a larger effect, and the star becomes more centrally
condensed.
The parameter that is directly measurable by gravita-

tional wave observations of a binary neutron-star inspiral is
proportional to the tidal deformability !, which is shown
for each candidate EOS in Fig. 2. The values of ! for the
candidate EOS show a much wider range of behaviors than
for k2 because ! is proportional to k2R

5, and the candidate
EOS produce a wide range of radii (9.4–15.5 km for a
1:4M" star for normal EOS and 8.9–10.9 km for the SQM
EOS). See Table I.
For normal matter, ! becomes large for stars near the

minimum mass configuration at roughly 0:1M" because
they have a large radius. For masses in the expected mass
range for binary inspirals, there are several differences
between EOS with only npe" matter and those with con-
densates. EOS with condensates have, on average, a larger
!, primarily because they have, on average, larger radii.
The quark hybrid EOS ALF1 with a small radius (9.9 km
for a 1:4M" star) and the nuclear matter only EOSs MS1
andMS2 with large radii (14.9 and 14.5 km, respectively, at
1:4M") are exceptions to this trend.

TABLE I. Properties of a 1:4M" neutron star for the 18 EOS
discussed in the text.

EOS R (km) m=R k2 !ð1036 g cm2 s2Þ
SLY 11.74 0.176 0.0763 1.70
AP1 9.36 0.221 0.0512 0.368
AP3 12.09 0.171 0.0858 2.22
FPS 10.85 0.191 0.0663 1.00
MPA1 12.47 0.166 0.0924 2.79
MS1 14.92 0.139 0.110 8.15
MS2 13.71 0.151 0.0883 4.28

PS 15.47 0.134 0.104 9.19
BGN1H1 12.90 0.160 0.0868 3.10
GNH3 14.20 0.146 0.0867 5.01
H1 12.86 0.161 0.0738 2.59
H4 13.76 0.150 0.104 5.13
PCL2 11.76 0.176 0.0577 1.30
ALF1 9.90 0.209 0.0541 0.513
ALF2 13.19 0.157 0.107 4.28

SQM1 8.86 0.233 0.098 0.536
SQM2 10.03 0.206 0.136 1.38
SQM3 10.87 0.190 0.166 2.52
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FIG. 2. Tidal deformability ! of a single neutron star as a
function of neutron-star mass for a range of realistic EOS. The
top figure shows EOS that only include npe" matter; the middle
figure shows EOS that also incorporate #=hyperon=
quark matter; the bottom figure shows strange quark matter
EOS. The dashed lines between the various shaded regions
represent the expected uncertainties in measuring ! for an
equal-mass binary inspiral at a distance of D ¼ 100 Mpc as it
passes through the gravitational wave frequency range 10–
450 Hz. Observations with Advanced LIGO will be sensitive
to ! in the unshaded region, while the Einstein Telescope will be
able to measure ! in the unshaded and light shaded regions. See
text.
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of a black hole (m=R ¼ 0:5) regardless of the EOS-
dependent quantity y [17,18].
Normal matter EOS behave approximately as polytropes

for large compactness. However, for smaller compactness,
the softer crust becomes a greater fraction of the star, so the
star is more centrally condensed and k2 smaller. For strange
quark matter, the EOS is extremely stiff near the minimum
density, and the star behaves approximately as an n ¼ 0
polytrope for small compactness. As the central density
and compactness increase, the softer part of the EOS has
a larger effect, and the star becomes more centrally
condensed.
The parameter that is directly measurable by gravita-

tional wave observations of a binary neutron-star inspiral is
proportional to the tidal deformability !, which is shown
for each candidate EOS in Fig. 2. The values of ! for the
candidate EOS show a much wider range of behaviors than
for k2 because ! is proportional to k2R

5, and the candidate
EOS produce a wide range of radii (9.4–15.5 km for a
1:4M" star for normal EOS and 8.9–10.9 km for the SQM
EOS). See Table I.
For normal matter, ! becomes large for stars near the

minimum mass configuration at roughly 0:1M" because
they have a large radius. For masses in the expected mass
range for binary inspirals, there are several differences
between EOS with only npe" matter and those with con-
densates. EOS with condensates have, on average, a larger
!, primarily because they have, on average, larger radii.
The quark hybrid EOS ALF1 with a small radius (9.9 km
for a 1:4M" star) and the nuclear matter only EOSs MS1
andMS2 with large radii (14.9 and 14.5 km, respectively, at
1:4M") are exceptions to this trend.

TABLE I. Properties of a 1:4M" neutron star for the 18 EOS
discussed in the text.

EOS R (km) m=R k2 !ð1036 g cm2 s2Þ
SLY 11.74 0.176 0.0763 1.70
AP1 9.36 0.221 0.0512 0.368
AP3 12.09 0.171 0.0858 2.22
FPS 10.85 0.191 0.0663 1.00
MPA1 12.47 0.166 0.0924 2.79
MS1 14.92 0.139 0.110 8.15
MS2 13.71 0.151 0.0883 4.28

PS 15.47 0.134 0.104 9.19
BGN1H1 12.90 0.160 0.0868 3.10
GNH3 14.20 0.146 0.0867 5.01
H1 12.86 0.161 0.0738 2.59
H4 13.76 0.150 0.104 5.13
PCL2 11.76 0.176 0.0577 1.30
ALF1 9.90 0.209 0.0541 0.513
ALF2 13.19 0.157 0.107 4.28

SQM1 8.86 0.233 0.098 0.536
SQM2 10.03 0.206 0.136 1.38
SQM3 10.87 0.190 0.166 2.52
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FIG. 2. Tidal deformability ! of a single neutron star as a
function of neutron-star mass for a range of realistic EOS. The
top figure shows EOS that only include npe" matter; the middle
figure shows EOS that also incorporate #=hyperon=
quark matter; the bottom figure shows strange quark matter
EOS. The dashed lines between the various shaded regions
represent the expected uncertainties in measuring ! for an
equal-mass binary inspiral at a distance of D ¼ 100 Mpc as it
passes through the gravitational wave frequency range 10–
450 Hz. Observations with Advanced LIGO will be sensitive
to ! in the unshaded region, while the Einstein Telescope will be
able to measure ! in the unshaded and light shaded regions. See
text.
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of a black hole (m=R ¼ 0:5) regardless of the EOS-
dependent quantity y [17,18].
Normal matter EOS behave approximately as polytropes

for large compactness. However, for smaller compactness,
the softer crust becomes a greater fraction of the star, so the
star is more centrally condensed and k2 smaller. For strange
quark matter, the EOS is extremely stiff near the minimum
density, and the star behaves approximately as an n ¼ 0
polytrope for small compactness. As the central density
and compactness increase, the softer part of the EOS has
a larger effect, and the star becomes more centrally
condensed.
The parameter that is directly measurable by gravita-

tional wave observations of a binary neutron-star inspiral is
proportional to the tidal deformability !, which is shown
for each candidate EOS in Fig. 2. The values of ! for the
candidate EOS show a much wider range of behaviors than
for k2 because ! is proportional to k2R

5, and the candidate
EOS produce a wide range of radii (9.4–15.5 km for a
1:4M" star for normal EOS and 8.9–10.9 km for the SQM
EOS). See Table I.
For normal matter, ! becomes large for stars near the

minimum mass configuration at roughly 0:1M" because
they have a large radius. For masses in the expected mass
range for binary inspirals, there are several differences
between EOS with only npe" matter and those with con-
densates. EOS with condensates have, on average, a larger
!, primarily because they have, on average, larger radii.
The quark hybrid EOS ALF1 with a small radius (9.9 km
for a 1:4M" star) and the nuclear matter only EOSs MS1
andMS2 with large radii (14.9 and 14.5 km, respectively, at
1:4M") are exceptions to this trend.

TABLE I. Properties of a 1:4M" neutron star for the 18 EOS
discussed in the text.

EOS R (km) m=R k2 !ð1036 g cm2 s2Þ
SLY 11.74 0.176 0.0763 1.70
AP1 9.36 0.221 0.0512 0.368
AP3 12.09 0.171 0.0858 2.22
FPS 10.85 0.191 0.0663 1.00
MPA1 12.47 0.166 0.0924 2.79
MS1 14.92 0.139 0.110 8.15
MS2 13.71 0.151 0.0883 4.28

PS 15.47 0.134 0.104 9.19
BGN1H1 12.90 0.160 0.0868 3.10
GNH3 14.20 0.146 0.0867 5.01
H1 12.86 0.161 0.0738 2.59
H4 13.76 0.150 0.104 5.13
PCL2 11.76 0.176 0.0577 1.30
ALF1 9.90 0.209 0.0541 0.513
ALF2 13.19 0.157 0.107 4.28

SQM1 8.86 0.233 0.098 0.536
SQM2 10.03 0.206 0.136 1.38
SQM3 10.87 0.190 0.166 2.52
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FIG. 2. Tidal deformability ! of a single neutron star as a
function of neutron-star mass for a range of realistic EOS. The
top figure shows EOS that only include npe" matter; the middle
figure shows EOS that also incorporate #=hyperon=
quark matter; the bottom figure shows strange quark matter
EOS. The dashed lines between the various shaded regions
represent the expected uncertainties in measuring ! for an
equal-mass binary inspiral at a distance of D ¼ 100 Mpc as it
passes through the gravitational wave frequency range 10–
450 Hz. Observations with Advanced LIGO will be sensitive
to ! in the unshaded region, while the Einstein Telescope will be
able to measure ! in the unshaded and light shaded regions. See
text.
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best-case scenarios depending on the detector noise re-
alizations and the astrophysical distribution of the de-
tected sources; and (b) we take into account as many
physical e↵ects as have been modeled, including tidal ef-
fects to highest known order [19], neutron star spins, the
quadrupole-monopole interaction [49, 50], the impact of
early waveform termination due to the finite neutron star
radii, and a relatively strongly peaked Gaussian distri-
bution for the neutron star masses that is expected on
astrophysical grounds [51–54]. The e↵ect of the latter
was ignored in previous work, but as we shall see, it has
a significant impact on inference of the EOS. As in [25],
we use two Bayesian data analysis methods: hypothesis
ranking within a set of possible EOS to see which one
the true EOS is closest to, and parameter estimation on
coe�cients in a Taylor expansion of the tidal deformabil-
ity. We find that having masses in a narrow distribution
increases the number of detections needed to distinguish
between a soft, moderate, and hard equation of state,
and causes additional biases in parameter estimation on
top of the ones due to imperfect knowledge of the signal
model. On the other hand, this would get mitigated if
we could assume accurate knowledge of the astrophysical
mass distribution for neutron stars in binaries, so that it
could be used as the prior distribution of masses in our
Bayesian analysis.

This rest of this article is structured as follows. In
Sec. II we introduce the waveform model and the EOS-
related contributions from the e↵ects mentioned above.
In Sec. III we explain the two main methods used in the
simulated data analysis: hypothesis ranking and param-
eter estimation. Sec. IV explains the set-up of our simu-
lations. In Sec. V we show the main results of this paper.
A summary and discussion is given in Sec. VI. Finally,
in the Appendix we further investigate the impact of the
prior on component masses.

Throughout this paper we will use units such that G =
c = 1 unless stated otherwise.

II. WAVEFORM MODEL AND EFFECTS OF
THE NEUTRON STAR EQUATION OF STATE

In this section we first discuss the general form of our
waveform model, and then the way in which EOS e↵ects
enter.

A. General form of the waveform model

We model gravitational waveforms from the quasi-
circular inspiral of BNS systems using the stationary
phase approximation (SPA), which yields a convenient
analytic expression of the observed GW strain in the fre-

quency domain [55, 56]:

h̃(f) =
1

D

A(✓,�, ◆, ,M, ⌘)q
Ḟ (f ;M, ⌘,�1,�2)

f2/3 ei (f ;tc,'c,M,⌘,�1,�2).

(1)
Here D is the distance to the source; (✓,�) denote the
sky position with respect to the interferometer; (◆, ) de-
termine the orientation of the orbital plane in relation
to the observer; M = M⌘3/5 is the chirp mass, with
M = m1 + m2 the total mass and ⌘ = m1m2/M2 the
symmetric mass ratio; tc and 'c are, respectively, the
time and phase at coalescence; and �1, �2 are the neu-
tron stars’ dimensionless spins. The “frequency sweep”
Ḟ (f ;M, ⌘,�1,�2) is an expansion in powers of frequency
with coe�cients that depend on masses and spins, and
the phase takes the general form

 (f) = 2⇡ftc � 'c �
⇡

4
+

X

k

h
 k +  (l)

k ln f
i
f (k�5)/3,

(2)

where the  k and  (l)
k again depend on masses and spins.

For the low-mass systems considered in this paper, the
Advanced LIGO-Virgo network will not be very sensitive
to sub-dominant PN contributions to the amplitude [57–
59], and we use the “restricted” post-Newtonian approx-
imation, in which only leading-order PN contributions to
the amplitude are taken into account. In particular, this
means that spin and EOS e↵ects appear in the phasing
only.
For the purposes of this paper, the phase was taken to

3.5PN order, with inclusion of spin e↵ects up to 2.5PN
following [60], and we refer to that paper for explicit ex-
pressions. For simplicity we assume that the components’
spins are aligned or anti-aligned with each other and with
the direction of orbital angular momentum; at the time
this work was started, frequency-domain, precessing-spin
waveform approximants like the ones of Lundgren and
O’Shaughnessy [61], of Hannam et al. [39, 40], and of
Klein et al. [62] were not yet available.
We take into account three ways in which the EOS af-

fects the waveform: tidal deformations, the quadrupole-
monopole e↵ect, and the possible early termination of
the waveform due to the finite size of the neutron stars,
whose radii are set by their masses and the EOS. Let us
discuss these in turn.

B. Tidal deformations

Towards the end of the evolution of a BNS system,
when the gravitational wave frequency reaches f & 400
Hz [18], the tidal tensors Eij of one component of the
binary will start to induce a significant quadrupole mo-
ment Qij in the other. In the adiabatic approximation,
the two are related by [44, 63, 64]

Qij = ��(m) Eij , (3)

�(m) = (2/3)k2(m)R5(m)
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are the dimensionless quadrupolar tidal parameters (or tidal
polarizability coefficients), where k i

2
( ) are the quadrupolar Love

numbers for each star. The fate of the merger remnant is not
known. The post-merger high-frequency GWs were too weak
to be detected, so information on the remnant is not available
from GW observations (Abbott et al. 2017d).

The optical and infrared electromagnetic (EM) data is well
explained by the radioactive decay of M0.05~ : of material
(Chornock et al. 2017; Cowperthwaite et al. 2017; Drout
et al. 2017; Nicholl et al. 2017; Perego et al. 2017; Rosswog
et al. 2017; Tanaka et al. 2017; Tanvir et al. 2017; Villar et al.
2017). UV/optical light-curve modeling of the early emissions,
hours to days after merger, points to the presence of a relatively
fast, v c0.3� , M M0.02� :, component of the outflow
(Cowperthwaite et al. 2017; Drout et al. 2017; Nicholl et al.
2017; Perego et al. 2017; Villar et al. 2017). The modeling of
the later optical/infrared data points to the presence of at least
another component of the outflow with v c0.1� and
M M0.04� : (Chornock et al. 2017; Cowperthwaite
et al. 2017; Drout et al. 2017; Perego et al. 2017; Villar
et al. 2017). The inferred effective opacities for these two (or
more) outflow components suggest that they had different
compositions and, possibly, different origins.

GR simulations indicate that only up to M0.01~ : of
material can be unbound dynamically during the merger itself
(Bauswein et al. 2013b; Hotokezaka et al. 2013; Lehner et al.
2016; Radice et al. 2016; Sekiguchi et al. 2016; Bovard et al.
2017; Dietrich et al. 2017b), although larger ejecta masses can
be reached for small mass ratios q 0.61 (Dietrich
et al. 2017c). The largest ejecta masses are obtained for soft
EOSs. In these cases, the outflows are fast, v c0.2 0.4� ( – ) ,
shock heated, and re-processed by neutrinos (Sekiguchi
et al. 2015; Foucart et al. 2016; Radice et al. 2016).
Consequently, the dynamic ejecta can potentially explain the
UV/optical emissions in the first hours to days. The inferred
properties for the outflow component powering the optical/
infrared emission on a days to weeks timescale are more easily
explained by neutrino, viscous, or magnetically driven outflows
from the merger remnant (Metzger et al. 2008, 2009; Dessart
et al. 2009; Fernández & Metzger 2013; Metzger &
Fernández 2014; Perego et al. 2014; Siegel et al. 2014; Just
et al. 2015; Wu et al. 2016; Lippuner et al. 2017; Siegel &
Metzger 2017). Detailed modeling suggests that a disk mass of
at least M0.08 : is required to explain AT2017gfo (Perego
et al. 2017).

3. Simulation Results

We perform 29 merger simulations using the GR hydro-
dynamics code WhiskyTHC (Radice & Rezzolla 2012; Radice
et al. 2014a, 2014b). We consider both equal and unequal mass
configurations, and we adopt four temperature and composition

dependent nuclear EOSs spanning the range of the nuclear
uncertainties: the DD2 EOS (Hempel & Schaffner-Bielich
2010; Typel et al. 2010), the BHBΛf EOS (Banik et al. 2014),
the LS220 EOS (Lattimer & Swesty 1991), and the SFHo EOS
(Steiner et al. 2013). This is the largest data set of simulations
performed in full-GR and with realistic microphysics to date.
Neutrino cooling and Ye evolution are treated as discussed in
Radice et al. (2016). The computational setup is the same as in
Radice et al. (2017a). The resolution of the grid regions
covering the NSs and the merger remnant is 185 m� . We
verify the robustness of our results and estimate the numerical
uncertainties by performing six additional simulations at 25%
higher resolution. We conservatively estimate finite-resolution
error on the disk and dynamic ejecta masses to be

M M0.5 , 3disk,ej disk,ej disk,ej�D = + ( )

where M5 10disk
4� = ´ -

: and M5 10ej
5� = ´ -

:. A more
detailed account of these simulations will be given elsewhere
(D. Radice et al. 2017, in preparation). A summary of the
simulations is given in Table 1.
We compute the mass of the dynamic ejecta and of the

remnant accretion disk for each model. Our results are shown
in Table 1 and Figure 1. The typical dynamic ejecta masses in
our simulations are of the order of M10 3~ -

:, in good
qualitative agreement with previous numerical-relativity
results. We do not find any clear indication of a trend in the
dynamic ejecta masses as a function of the binary parameters or
EOS. However, we find a clear correlation between the disk
masses and the tidal parameter L̃. According to our simula-
tions, binaries with 4501L̃ inevitably produce BHs with
small M10 21 -

: accretion disks. These cases are incompatible
with the infrared data for AT2017gfo, even under the
assumption that all of the matter left outside of the event
horizon will be ejected.
The reason for this trend is easily understood from the lower

panel of Figure 1. The NS dimensionless quadrupolar tidal
parameters depend on the negative-fifth power of the NS
compactness (GM R c ;2 Equation (2)). Consequently, small
values of L̃ are associated with binary systems having compact
NSs that result in rapid or prompt BH formation. In these cases,
the collapse happens on a shorter timescale than the
hydrodynamic processes responsible for the formation of the
disk. Consequently, only a small amount of mass is left outside
of the event horizon at the end of the simulations.
Binaries with larger values of L̃ produce more massive disks,

up to M0.2~ :, and longer lived remnants. In these cases,
neutrino driven winds and viscous and magnetic processes in
the disk are expected to unbind sufficient material to explain
the optical and infrared observations for AT2017gfo (Perego
et al. 2014; Wu et al. 2016; Siegel & Metzger 2017).

4. Discussion

On the basis of our simulations and the current interpretation
of the UV/optical/infrared data we can conclude that values of
L̃ smaller than 400 are tentatively excluded. Together with the
LIGO-Virgo constraints on L̃ (Abbott et al. 2017b), this result
already yields a strong constraint on the EOS.
To illustrate this, we notice that, since the chirp mass of the

binary progenitor of GW170817 is well measured, for any
given EOS the predicted L̃ reduces to a simple function of the
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known. The post-merger high-frequency GWs were too weak
to be detected, so information on the remnant is not available
from GW observations (Abbott et al. 2017d).

The optical and infrared electromagnetic (EM) data is well
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et al. 2017; Drout et al. 2017; Perego et al. 2017; Villar
et al. 2017). The inferred effective opacities for these two (or
more) outflow components suggest that they had different
compositions and, possibly, different origins.

GR simulations indicate that only up to M0.01~ : of
material can be unbound dynamically during the merger itself
(Bauswein et al. 2013b; Hotokezaka et al. 2013; Lehner et al.
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et al. 2017c). The largest ejecta masses are obtained for soft
EOSs. In these cases, the outflows are fast, v c0.2 0.4� ( – ) ,
shock heated, and re-processed by neutrinos (Sekiguchi
et al. 2015; Foucart et al. 2016; Radice et al. 2016).
Consequently, the dynamic ejecta can potentially explain the
UV/optical emissions in the first hours to days. The inferred
properties for the outflow component powering the optical/
infrared emission on a days to weeks timescale are more easily
explained by neutrino, viscous, or magnetically driven outflows
from the merger remnant (Metzger et al. 2008, 2009; Dessart
et al. 2009; Fernández & Metzger 2013; Metzger &
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et al. 2015; Wu et al. 2016; Lippuner et al. 2017; Siegel &
Metzger 2017). Detailed modeling suggests that a disk mass of
at least M0.08 : is required to explain AT2017gfo (Perego
et al. 2017).

3. Simulation Results

We perform 29 merger simulations using the GR hydro-
dynamics code WhiskyTHC (Radice & Rezzolla 2012; Radice
et al. 2014a, 2014b). We consider both equal and unequal mass
configurations, and we adopt four temperature and composition

dependent nuclear EOSs spanning the range of the nuclear
uncertainties: the DD2 EOS (Hempel & Schaffner-Bielich
2010; Typel et al. 2010), the BHBΛf EOS (Banik et al. 2014),
the LS220 EOS (Lattimer & Swesty 1991), and the SFHo EOS
(Steiner et al. 2013). This is the largest data set of simulations
performed in full-GR and with realistic microphysics to date.
Neutrino cooling and Ye evolution are treated as discussed in
Radice et al. (2016). The computational setup is the same as in
Radice et al. (2017a). The resolution of the grid regions
covering the NSs and the merger remnant is 185 m� . We
verify the robustness of our results and estimate the numerical
uncertainties by performing six additional simulations at 25%
higher resolution. We conservatively estimate finite-resolution
error on the disk and dynamic ejecta masses to be
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:. A more
detailed account of these simulations will be given elsewhere
(D. Radice et al. 2017, in preparation). A summary of the
simulations is given in Table 1.
We compute the mass of the dynamic ejecta and of the

remnant accretion disk for each model. Our results are shown
in Table 1 and Figure 1. The typical dynamic ejecta masses in
our simulations are of the order of M10 3~ -

:, in good
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results. We do not find any clear indication of a trend in the
dynamic ejecta masses as a function of the binary parameters or
EOS. However, we find a clear correlation between the disk
masses and the tidal parameter L̃. According to our simula-
tions, binaries with 4501L̃ inevitably produce BHs with
small M10 21 -

: accretion disks. These cases are incompatible
with the infrared data for AT2017gfo, even under the
assumption that all of the matter left outside of the event
horizon will be ejected.
The reason for this trend is easily understood from the lower

panel of Figure 1. The NS dimensionless quadrupolar tidal
parameters depend on the negative-fifth power of the NS
compactness (GM R c ;2 Equation (2)). Consequently, small
values of L̃ are associated with binary systems having compact
NSs that result in rapid or prompt BH formation. In these cases,
the collapse happens on a shorter timescale than the
hydrodynamic processes responsible for the formation of the
disk. Consequently, only a small amount of mass is left outside
of the event horizon at the end of the simulations.
Binaries with larger values of L̃ produce more massive disks,

up to M0.2~ :, and longer lived remnants. In these cases,
neutrino driven winds and viscous and magnetic processes in
the disk are expected to unbind sufficient material to explain
the optical and infrared observations for AT2017gfo (Perego
et al. 2014; Wu et al. 2016; Siegel & Metzger 2017).

4. Discussion

On the basis of our simulations and the current interpretation
of the UV/optical/infrared data we can conclude that values of
L̃ smaller than 400 are tentatively excluded. Together with the
LIGO-Virgo constraints on L̃ (Abbott et al. 2017b), this result
already yields a strong constraint on the EOS.
To illustrate this, we notice that, since the chirp mass of the
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Results: GW170817
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FIG. 9. Inferred spin parameters using the PhenomPNRT
model as in Fig. 8, but in the low-spin case where the dimen-
sionless component spin magnitudes � < 0.05. The posterior
probability densities for the dimensionless spin components
and for �p are plotted at the reference gravitational wave fre-
quency of f = 100 Hz.

by the small uncertainty in chirp mass. The lengths of
these bands are determined by the uncertainty in mass
ratio. They have most of their support near the ⇤1 = ⇤2

line corresponding to the equal mass case, and end at the
90% lower limit for the mass ratio. The predicted values
of the tidal parameters for the EOSs MS1, MS1b, and H4
lie well outside of the 90% credible region for both the
low-spin and high-spin priors, and for all waveform mod-
els. This can be compared to Fig. 5 of [3] where H4 was
still marginally consistent with the 90% credible region.

The leading tidal contribution to the GW phase evo-
lution is a mass-weighted linear combination of the two
tidal parameters ⇤̃ [135]. It first appears at 5PN order
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FIG. 10. PDFs for the tidal deformability parameters ⇤1 and
⇤2 using the high-spin (top) and low-spin (bottom) priors.
The blue shading is the PDF for the precessing waveform
PhenomPNRT. The 50% (dashed) and 90% (solid) credible
regions are shown for the four waveform models. The seven
black curves are the tidal parameters for the seven represen-
tative EOS models using the masses estimated with the Phe-
nomPNRT model, ending at the ⇤1 = ⇤2 boundary.

and is defined such that ⇤̃ = ⇤1 = ⇤2 when m1 = m2:

⇤̃ =
16

13

(m1 + 12m2)m4
1⇤1 + (m2 + 12m1)m4

2⇤2

(m1 + m2)5
. (5)

In Fig. 11 we show marginalized posteriors of ⇤̃ for the
two spin priors and four waveform models. Because we
used flat priors for ⇤1 and ⇤2, the prior for ⇤̃, and thus
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regions are shown for the four waveform models. The seven
black curves are the tidal parameters for the seven represen-
tative EOS models using the masses estimated with the Phe-
nomPNRT model, ending at the ⇤1 = ⇤2 boundary.

and is defined such that ⇤̃ = ⇤1 = ⇤2 when m1 = m2:

⇤̃ =
16

13

(m1 + 12m2)m4
1⇤1 + (m2 + 12m1)m4

2⇤2

(m1 + m2)5
. (5)

In Fig. 11 we show marginalized posteriors of ⇤̃ for the
two spin priors and four waveform models. Because we
used flat priors for ⇤1 and ⇤2, the prior for ⇤̃, and thus

Small spin Large spin
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Table 1: Key Properties of GW170817
Property Value Reference

Chirp mass, M (rest frame) 1.188+0.004
�0.002M� 1

First NS mass, M1 1.36� 1.60M� (90%, low spin prior) 1
Second NS mass, M2 1.17� 1.36M� (90%, low spin prior) 1

Total binary mass, Mtot = M1 +M2 ⇡ 2.740.04�0.01M� 1
Observer angle relative to binary axis, ✓obs 11� 33� (68.3%) 2

Blue KN ejecta (Amax . 140) ⇡ 0.01� 0.02M� e.g., 3,4,5
Red KN ejecta (Amax & 140) ⇡ 0.04M� e.g., 3,5,6

Light r-process yield (A . 140) ⇡ 0.05� 0.06M�
Heavy r-process yield (A & 140) ⇡ 0.01M�

Gold yield ⇠ 100� 200M� 8
Uranium yield ⇠ 30� 60M� 8

Kinetic energy of o↵-axis GRB jet 1049 � 1050 erg e.g., 9, 10, 11, 12
ISM density 10�4 � 10�2 cm�3 e.g., 9, 10, 11, 12

(1) LIGO Scientific Collaboration et al. 2017c; (2) depends on Hubble Constant, LIGO Scientific Collabora-
tion et al. 2017d; (3) Cowperthwaite et al. 2017; (4) Nicholl et al. 2017; (5) Kasen et al. 2017; (6) Chornock
et al. 2017; (8) assuming heavy r-process (A > 140) yields distributed as solar abundances (Arnould et al.,
2007); (9)Margutti et al. 2017; (10) Troja et al. 2017; (11) Fong et al. 2017; (12) Hallinan et al. 2017

Figure 2: Scenario for the EM counterparts
of GW170817, as viewed by the observer (Al
Cameron) from the inferred binary inclination
angle ✓obs ⇡ 0.2� 0.5 (LIGO Scientific Collab-
oration et al., 2017d), as motivated by interpre-
tations presented in several papers (e.g. Cow-
perthwaite et al. 2017; Kasen et al. 2017; Nicholl
et al. 2017; Chornock et al. 2017; Fong et al.
2017; Kasen et al. 2017; Margutti et al. 2017;
LIGO Scientific Collaboration et al. 2017b).
Timeline: (1) Two NSs with small radii . 11
km and comparable masses (q ⇡ 1) coalesce.
The dynamical stage of the merger ejects only
a small mass . 10�2M� in equatorial tidal
ejecta, but a larger quantity ⇡ 10�2M� of
Ye > 0.25 matter into the polar region at
v ⇡ 0.2 � 0.3 c, which synthesizes exclusively
light r-process nuclei (e.g. xenon and silver);
(2) The merger product is a meta-stable hy-
permassive NS, which generates a large accre-
tion torus ⇠ 0.1M� as it sheds its angular mo-
mentum and collapses into a BH on a timescale
of . 100 ms; (3) The torus-BH powers a col-
limated GRB jet, which burrows through the
polar dynamical ejecta on a timescale of . 2
s; (4) Gamma-rays from the core of the GRB
jet are relativistically beamed away from our
sight line, but a weaker GRB is nevertheless
observed from the o↵-axis jet or the hot co-
coon created as the jet breaks through the po-
lar ejecta; (5) On a similar timescale, the ac-
cretion disk produces a powerful wind ejecting
⇡ 0.04M� of Ye . 0.25 matter which expands
quasi-spherically at v ⇡ 0.1 c and synthesizes
also heavy r-process nuclei such as gold and ura-
nium; (6) After several hours of expansion, the
polar ejecta becomes di↵usive, powering ⇠ vi-
sual wavelength (“blue”) kilonova emission last-
ing for a few days; (7) over a longer timescale ⇡
1 week, the deeper disk wind ejecta becomes dif-
fusive, powering red kilonova emission; (8) the
initially on-axis GRB jet decelerates by shock-
ing the ISM, such that after ⇡ 2 weeks its X-ray
and radio synchrotron afterglow emission rises
after entering the observer’s causal cone.

3

??? observer

Metzger 1710.05931
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Figure 1. Threshold binary mass Mthres for prompt collapse as function of Mmax for di↵erent R1.6 (left panel, Eq. 2) and Rmax

(right panel, Eq. 3) (solid lines). The dark blue band shows the total binary mass of GW170817 providing a lower limit on
Mthres. The true Mthres must lie within the light blue areas if GW170817 resulted in a delayed/no collapse. This rules out NSs
with R1.6  10.30+0.18

�0.03 km and Rmax  9.26+0.17
�0.03 km. Causality requires Mthres � 1.22Mmax (left panel) and Mthres � 1.23Mmax

(right panel).

additional simulations for 5 representative EoSs that
strongly asymmetric mergers with mass ratio q = 0.6
have a threshold binary mass which is systematically
lower by 0.1 to 0.3 M� than Mthres of equal-mass bi-
naries. This reduction of Mthres for asymmetric bi-
naries is understandable because according to Kepler’s
law asymmetric binaries have less angular momentum
than equal-mass binaries with the same Mtot at a given
orbital separation, which implies less stabilization for
asymmetric mergers. (With the low-spin priors the 90%
credibility interval of the mass ratio of GW170817 is
q = 0.7 � 1.0). If GW170817 was very asymmetric, one
has Masym

thres � Mtot, which implies that Eq. (1) is con-
servative because Mthres > Masym

thres .
A similarly accurate description of Mthres is given by

the fit

Mthres =

✓
�3.38

GMmax

c2Rmax
+ 2.43

◆
· Mmax (3)

with the radius Rmax of the maximum-mass configu-
ration. Eq. (2) is accurate to better than 0.1 M�
(Bauswein et al. 2013a, 2016). The existence of these re-
lations has been solidified by semi-analytic calculations
of equilibrium models (Bauswein & Stergioulas 2017).

3.2. Radius constraints

Equations (2) and (3) imply constraints on NS radii
R1.6 and Rmax since the total binary mass of GW170817
represents a lower bound on Mthres (Eq. (1)). Figure 1
(left panel) shows Mthres(Mmax; R1.6) (Eq. (2)) for dif-
ferent chosen values of R1.6 (solid lines). Every sequence

terminates at

Mmax =
1

3.10

c2R1.6

G
, (4)

which is an empirical upper limit on Mmax for the given
R1.6. Extending various microphysical EoSs with a max-
imally sti↵ EoS, i.e. vsound = c, beyond the central den-
sity of a NS with 1.6 M� determines the highest possible
Mmax for a given R1.6 compatible with causality. With
Eq. (2) it implies Mthres � 1.22Mmax.

In Fig. 1 the horizonal dark blue band refers to the
measured lower limit of Mthres given by the total binary
mass of GW170817 (Eq. (1)). This GW measurement
thus rules out EoSs with very small R1.6 because those
EoSs would not result in a delayed collapse for the mea-
sured binary mass. The allowed range of possible stellar
parameters is indicated by the light blue area. The solid
blue curve corresponds to the smallest R1.6 compatible
with Eq. (1). Hence, the radius of a 1.6 M� NS must be
larger than 10.30+0.15

�0.03 km. The error bar corresponds to
the radii compatible with the error in Mtot. Arguments
about the error budget and the robustness are provided
in Sect. 3.3.

Figure 1 (right panel) displays Mthres(Mmax; Rmax)
for di↵erent chosen Rmax (solid lines). The di↵erent
sequences for fixed Rmax are constrained by causality
(Koranda et al. 1997; Lattimer & Prakash 2016) requir-
ing

Mmax  1

2.82

c2Rmax

G
(5)

and with Eq. (3)

Mthres � 1.23 Mmax. (6)

Bauswein+ 1710.06843

After collision, what happens to remnant? 
• Low stiffness: prompt collapse to BH - less disk wind 
• Higher stiffness: Hypermassive Neutron star exists for 

unknown time period (probably ~milliseconds)
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Joint constraints

confirmed, this would imply that the lower bound on L̃ might
depend on q. Note that the upper bound on L̃ estimated from
the GW signal is also likely to have some dependency on q.
Consequently, a more precise determination of the exclusion
region on L̃ will necessarily require a full Bayesian analysis of
the GW data using L̃ priors informed by numerical-relativity
results.

We plan to improve our modeling by means of new
simulations exploring the set of binary progenitor parameters
compatible with GW170817 and the associated EM
counterparts.
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stimulating discussions, and T.Venumadhav for comments on
an earlier version of the manuscript. D.R. acknowledges
support from a Frank and Peggy Taplin Membership at the
Institute for Advanced Study and the Max-Planck/Princeton
Center (MPPC) for Plasma Physics (NSF PHY-1523261). D.R.
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PHY160025), on NSF/NCSA Blue Waters (NSF PRAC
ACI-1440083), Marconi (PRACE proposal 2016153522), and
PizDaint/CSCS (ID 667). This manuscript has been assigned
LIGO report number LIGO-P1700421 and Virgo report
number VIR-0894A-17.
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Figure 1. Remnant disk plus dynamic ejecta masses (upper panel) and BH
formation time (lower panel) plotted against the tidal parameter L̃
(Equation (1)). For models that do not collapse during our simulation time,
we give a lower limit. The horizontal dashed line shows a conservative lower
limit for AT2017gfo, M0.05 :, obtained assuming that the entire disk is
unbound. The vertical dotted line is 400L =˜ . Errors on Mdisk and Mej are
estimated following Equation (3) and are added in quadrature.

Figure 2. Tidal parameter L̃ (Equation (1)) as a function of the mass ratio q for
a fixed chirp mass M1.188chirp% = :. The shaded region shows the region
excluded with a 90% confidence level by the LIGO-Virgo observations (Abbott
et al. 2017b), with the additional constraint of 400.L̃ derived from the
simulations and the EM observations. EOSs whose curves enter this region are
disfavored. EOSs are sorted for decreasing L̃ at q=1, i.e., H4 is the stiffest
EOS in our sample, and FPS is the softest.
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confirmed, this would imply that the lower bound on L̃ might
depend on q. Note that the upper bound on L̃ estimated from
the GW signal is also likely to have some dependency on q.
Consequently, a more precise determination of the exclusion
region on L̃ will necessarily require a full Bayesian analysis of
the GW data using L̃ priors informed by numerical-relativity
results.

We plan to improve our modeling by means of new
simulations exploring the set of binary progenitor parameters
compatible with GW170817 and the associated EM
counterparts.
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Figure 1. Remnant disk plus dynamic ejecta masses (upper panel) and BH
formation time (lower panel) plotted against the tidal parameter L̃
(Equation (1)). For models that do not collapse during our simulation time,
we give a lower limit. The horizontal dashed line shows a conservative lower
limit for AT2017gfo, M0.05 :, obtained assuming that the entire disk is
unbound. The vertical dotted line is 400L =˜ . Errors on Mdisk and Mej are
estimated following Equation (3) and are added in quadrature.

Figure 2. Tidal parameter L̃ (Equation (1)) as a function of the mass ratio q for
a fixed chirp mass M1.188chirp% = :. The shaded region shows the region
excluded with a 90% confidence level by the LIGO-Virgo observations (Abbott
et al. 2017b), with the additional constraint of 400.L̃ derived from the
simulations and the EM observations. EOSs whose curves enter this region are
disfavored. EOSs are sorted for decreasing L̃ at q=1, i.e., H4 is the stiffest
EOS in our sample, and FPS is the softest.
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Combine inspiral-driven upper limits with EM-driven lower limits 
• Require ejecta+disk to form GRB 
• Implies lower limit on NS radius -> stiffness
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Combining Events

• Combine multiple events to improve precision

Equation of State

the left hand side of Eq. (6) be normalized. Finally, the
likelihood is given by [19]

pðdnj ~!;"0;"1; IÞ

¼ N exp
!
$2

Z fLSO

f0

df
j~dnðfÞ $ ~hlinð ~!;"0;"1; fÞj2

SnðfÞ

"
;

(7)

where N is a normalization factor, ~dn is the Fourier
transform of the data stream for the nth detection, and SnðfÞ
is the one-sided noise power spectral density; f0 is a
lower cutoff frequency, which we take to be 20 Hz.
~hlinð ~!;"0;"1; fÞ is our frequency domain waveform, with
the linearized expression for "ðm Þ, Eq. (4), substituted into
the tidal contribution to the phase, Eq. (1). To explore the
likelihood function, we used the method of nested sampling
as implemented by Veitch and Vecchio [19].

In Fig. 1, we show the evolution with an increasing
number of sources of the medians and 95% confidence
intervals in the measurement of "0, for three different EOS
models from Hinderer et al. [6]: a hard EOS (MS1), a
moderate one (H4), and a soft one (SQM3). In each case,
after a few tens of sources, the value of "0 is recovered with
a statistical uncertainty%10%, and it is easily distinguish-
able from the ones for the other EOS. (On the other hand,
"1 remains uncertain.) We see that the posterior medians
for "0 are ordered correctly, which suggests a second
method to identify the EOS, namely, hypothesis ranking.

Method 2: Hypothesis ranking.—Hinderer et al. com-
puted the function "ðm Þ for a large number of (families of)
equations of state, some of them mainly involving
neutrons, protons, electrons, and muons, others allowing
for pions and hyperons, and a few assuming strange quark
matter. Given a (arbitrarily large) discrete set fH kg

of models, each corresponding to a different EOS, or
equivalently a different deformability "ðm Þ, the relative
odds ratios for any pair of models H i, H j can be
computed as

Oi
j ¼

PðH ijd1; d2; . . . ; dN; IÞ
PðH jjd1; d2; . . . ; dN; IÞ

: (8)

Again, assuming independence of the detector outputs
d1; d2; . . . ; dN and using Bayes’ theorem, one can write

Oi
j ¼

PðH ijIÞ
PðH jjIÞ

YN

n¼1

PðdnjH i; IÞ
PðdnjH j; IÞ

: (9)

PðH ijIÞ is the probability of the model H i before any
measurement has taken place, and similarly forH j; in the
absence of more information, these can be set equal to each
other for all models H k. The evidences for the various
models are given by

pðdnjH k; IÞ ¼
Z

d ~!pðdnjH k; ~!; IÞpð ~!jH k; IÞ; (10)

with ~! the parameters of the template waveforms (masses,

sky position, etc.) and pð ~!jH k; IÞ the prior probabilities
for these parameters, which we choose to be the same as in

Ref. [18]. The likelihood function pðdnjH k; ~!; IÞ takes
the form

pðdnjH k; ~!; IÞ ¼ N exp
!
$2

Z fLSO

f0

df
j~dn $ ~hkð ~!; fÞj2

SnðfÞ

"
:

(11)

This time, ~hkð ~!; fÞ is the waveform model corresponding
to the EOS H k, meaning the abovementioned frequency
domain approximant with tidal contributions to the phase
as in Eq. (1), with a deformability "ðm Þ corresponding to
that EOS. Here, too, we use nested sampling to probe the
likelihood [19].
The set fH kg could comprise all the models consid-

ered in, e.g., Ref. [6], and many more. In this Letter,
we wish to show that it will at least be possible to
distinguish between a hard, a moderate, and a soft
EOS. Accordingly, we focus on just three EOS models,
the ones labeled MS1, H4, and SQM3 in Ref. [6]. In
addition, we consider the point particle model (PP) in
which "ðm Þ & 0. Figure 2 shows the cumulative distri-
bution of lnOk

j for different signal models H k against

the true EOS model H j, for Oð30Þ simulated catalogs of
20 sources each. A useful criterion for correct identifi-
cation of the underlying EOS is that the log odds ratio of
the incorrect models against the true EOS be decisive
according to the Jeffreys scale, i.e., <$ 5 in log odds
(odds less than 1:150, which one can think of as being
roughly similar to 3#) [20]. When the signals’ EOS is
MS1 (top right panel of Fig. 2), we see that the runner-
up model H4 is decisively disfavored ( lnOH4

MS1 <$5) for

FIG. 1 (color online). Median and 95% confidence interval
evolution for the "0 parameter as an increasing number of
sources is taken into consideration, for three different equations
of state in the signals: a hard (MS1), a moderate (H4), and a
soft (SQM3) EOS. In each case, the dashed line indicates the
true value.
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• Single event not 
informative enough to 
discriminate EOS

• Combine many sources 
in catalogue

• Demonstration on soft, 
medium, hard EOS with 
50 sources
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Future observations?
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3 Page 40 of 59 B.D. Metzger

Fig. 13 Schematic illustration of the mapping between mergers and kilonova light curves. The top panel
shows the progenitor system, either an NS–NS or an NS–BH binary, while the middle plane shows the
final merger remnant (from left to right: an HMNS that collapses to a BH after time tcollapse, a spinning
magnetized NS, a non-spinning BH and a rapidly spinning BH). The bottom panel illustrates the relative
amount of UV/blue emission from an neutron precursor (purple), optical emission from lanthanide-free
material (blue) and IR emission from lanthanide containing ejecta (red). We caution that the case of a NS–
NS merger leading to a slowly spinning black hole is very unlikely, given that at a minimum the remnant
will acquire the angular momentum of the original binary orbit. Image reproduced with permission from
Kasen et al. (2015), copyright by the authors

GW150914 or GW151226 had been a NS–NS binary, only DECam and Subaru HSC
(Yoshida et al. 2017) would have been able to place meaningful constraints on the
ejecta mass in such a scenario, and only provided it could cover enough of the GW
sky error region to identify the counterpart.

For a longer-lived NS–NS remnant which survives ! 100 ms (Metzger and Fer-
nández 2014; Kasen et al. 2015), or given the presence of high-Ye dynamical ejecta
(Wanajo et al. 2014b), the resulting lanthanide-free ejecta may power ‘blue’ kilonova
emission peaking at URI ∼ 22 (Fig. 5, bottom panel) on a timescale of several hours
to a few days. Even if this blue emission is not present, for instance due to it being
blocked by lanthanide-rich matter, the source may still reach UVR magnitudes of
∼22–23 on a timescale of hours if the outer layers of the ejecta contain free neutrons
(Fig. 6). Although not much brighter in magnitude than the NIR peak at later times,
the blue kilonova may be the most promising counterpart for the majority of follow-up
telescopes, for which the greatest sensitivity at optical wavelengths. In such cases, it
is essential that follow-up begin within hours to one day following the GW trigger.

In the case of a stable or long-lived magnetar, the peak magnitude can reach up to
≈ 18 (Figs. 10, 11), depending on several uncertain factors: the dipole magnetic field
strength of the remnant NS, the thermalization efficiency (Eq. 34), and the NS collapse
time (which in turn depends on the binary mass and the nuclear EOS; Fig. 8). Shallower
follow-up observations, such as those conducted by smaller robotic telescopes, are thus
still relevant to kilonova follow-up, insofar as they could be sufficient to detect the
kilonova in these extreme cases. They could also be sufficient to detect the on-axis

123

• Light curves expected to vary with NS mass, radius, and presence of BH 

• Also with viewing angle - how well can GWs disentangle effects?

Metzger LRR (2016)



Cosmology
• Compact binaries are standard sirens

• Luminosity distance can be inferred 
directly from signal 

• If we know the redshift, can calculate 
Hubble constant 

• Electromagnetic counterpart required to 
uniquely find host galaxy - binary neutron 
star / NS-BH binary 

• If no Em counterpart can statistically 
associate with galaxy catalogue

H0 =
cz

dL
<latexit sha1_base64="AkBNZXU1oj77fL8fewOZifGmfxc=">AAAB83icbVDLSsNAFL2pr1pf8bFzM1gEVyVpBd0IRTdduKhgH9CWMJlM2qGTBzMToQ35EjcibhT8D3/Bv3HaZtPWAwOHc85w77luzJlUlvVrFDY2t7Z3irulvf2DwyPz+KQto0QQ2iIRj0TXxZJyFtKWYorTbiwoDlxOO+74YeZ3XqiQLAqf1SSmgwAPQ+YzgpWWHPOs4VjoDvV9gUlKplnqOY+ZY5atijUHWid2TsqQo+mYP30vIklAQ0U4lrJnW7EapFgoRjjNSv1E0hiTMR7SdL5zhi615CE/EvqFCs3VpRwOpJwErk4GWI3kqjcT//N6ifJvBykL40TRkCwG+QlHKkKzAyCPCUoUn2iCiWB6Q0RGWNdX+kwlXd1eLbpO2tWKXatUn67L9fv8CEU4hwu4AhtuoA4NaEILCEzhDT7hy0iMV+Pd+FhEC0b+5xSWYHz/AS4GkEo=</latexit>
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Cosmology 3

The measurement of the GW polarization is cru-
cial for inferring the binary inclination. This in-
clination, ◆, is defined as the angle between the
line of sight vector from the source to the detec-
tor and the orbital angular momentum vector of
the binary system. For electromagnetic (EM) phe-
nomena it is typically not possible to tell whether a
system is orbiting clockwise or counter-clockwise
(or, equivalently, face-on or face-off), and sources
are therefore usually characterized by a viewing
angle: min (◆, 180� � ◆). By contrast, GW mea-
surements can identify the sense of the rotation,
and thus ◆ ranges from 0 (counter-clockwise) to
180 deg (clockwise). Previous GW detections by
LIGO had large uncertainties in luminosity dis-
tance and inclination (Abbott et al. 2016a) because
the two LIGO detectors that were involved are
nearly co-aligned, preventing a precise polariza-
tion measurement. In the present case, thanks to
Virgo as an additional detector, the cosine of the
inclination can be constrained at 68.3% (1�) con-
fidence to the range [�1.00,�0.81] corresponding
to inclination angles between [144, 180] deg. This
implies that the plane of the binary orbit is almost,
but not quite, perpendicular to our line of sight
to the source (◆ ⇡ 180 deg), which is consistent
with the observation of a coincident GRB (LVC,
GBM, & INTEGRAL 2017 in prep.; Goldstein et
al. 2017, ApJL, submitted; Savchenko et al. 2017,
ApJL, submitted). We report inferences on cos ◆
because our prior for it is flat, so the posterior is
proportional to the marginal likelihood for it from
the GW observations.

EM follow-up of the GW sky localization re-
gion (Abbott et al. 2017c) discovered an opti-
cal transient (Coulter et al. 2017; Soares-Santos
et al. 2017; Valenti et al. 2017; Arcavi et al. 2017;
Tanvir et al. 2017; Lipunov et al. 2017) in close
proximity to the galaxy NGC 4993. The location
of the transient was previously observed by the
Distance Less Than 40 Mpc (DLT40) survey on
2017 July 27.99 UT and no sources were found
(Valenti et al. 2017). We estimate the probability

Figure 1. GW170817 measurement of H0. Marginal-
ized posterior density for H0 (blue curve). Constraints
at 1- and 2� from Planck (Planck Collaboration et al.
2016) and SHoES (Riess et al. 2016) are shown in
green and orange. The maximum a posteriori value
and minimal 68.3% credible interval from this PDF is
H0 = 70.0+12.0

�8.0 km s�1Mpc�1. The 68.3% (1�) and
95.4% (2�) minimal credible intervals are indicated by
dashed and dotted lines.

of a random chance association between the opti-
cal counterpart and NGC 4993 to be 0.004% (see
the Methods section for details). In what follows
we assume that the optical counterpart is associ-
ated with GW170817, and that this source resides
in NGC 4993.

To compute H0 we need to estimate the back-
ground Hubble flow velocity at the position of
NGC 4993. In the traditional electromagnetic cal-
ibration of the cosmic “distance ladder” (Freed-
man et al. 2001), this step is commonly carried
out using secondary distance indicator informa-
tion, such as the Tully-Fisher relation (Sakai et al.
2000), which allows one to infer the background
Hubble flow velocity in the local Universe scaled
back from more distant secondary indicators cal-
ibrated in quiet Hubble flow. We do not adopt
this approach here, however, in order to preserve
more fully the independence of our results from
the electromagnetic distance ladder. Instead we
estimate the Hubble flow velocity at the position

LIGO-Virgo + others, Nature 551 (2017) 52



Outlook
• Gravitational Wave detections give us new insights into fundamental physics 

and astrophysics 

• Only just beginning! Detector improvements (and 3rd generation) will 
dramatically increase the power of GW observations as number of events 
increases. 

• More types of binaries yet to be seen - what will they bring? 

• Multimessenger astronomy can help to pin down nuclear astrophysics 
processes even further. 

• Expect the unexpected! What novelties will nature show us in the gravitational-
wave astronomy? 

• Find out more! download data, software: 
    Gravitational Wave Open Science Centre: gw-openscience.org 
    LIGO-Virgo publications: papers.ligo.org

 53

http://gw-openscience.org
http://papers.ligo.org


THE GRAVITATIONAL WAVE SPECTRUM

Who knows what else is waiting to be discovered…?
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